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We consider the problem of estimating a high-dimensional covariance
matrix from a small number of observations when covariates on pairs of vari-
ables are available and the variables can have spatial structure. This is moti-
vated by the problem arising in demography of estimating the covariance ma-
trix of the total fertility rate (TFR) of 195 different countries when only 11 ob-
servations are available. We construct an estimator for high-dimensional co-
variance matrices by exploiting information about pairwise covariates, such
as whether pairs of variables belong to the same cluster, or spatial structure
of the variables, and interactions between the covariates. We reformulate the
problem in terms of a mixed effects model. This requires the estimation of
only a small number of parameters, which are easy to interpret and which can
be selected using standard procedures. The estimator is consistent under gen-
eral conditions, and asymptotically normal. It works if the mean and variance
structure of the data is already specified or if some of the data are missing.
Using simulations, we assess its performance under our model assumptions
as well as under model misspecification. We find that it outperforms several
popular alternatives. We apply it to the TFR dataset and draw some conclu-
sions.

1. Introduction. We consider the problem of estimating a large covariance matrix from
a small number of data points when covariates on pairs of variables and their spatial structure
are available. This is motivated by the problem, arising in demographic research, of estimat-
ing the covariance matrix of the total fertility rate for a large number of countries from data
at a small number of time points.

Our specific goal is to estimate the covariance matrix of a model for the total fertility rate
(TFR) used by the United Nations (U.N.) for 195 different countries. The dataset is denoted
Y and is made up of measurements of the TFR at T = 11 time points (observations) for
d = 195 countries (variables). Each time point is a five-year period. The large dimension of
the covariance matrix makes the use of a standard estimator, such as the sample covariance
matrix, untenable, and necessitates the use of additional information. Fortunately, for the TFR
dataset, we have been able to obtain information about pairwise, time-invariant, covariate
structures. In particular, these include a spatial structure (e.g., countries being contiguous to
each other) and structures determined by cluster membership (e.g., countries belonging to the
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same region, countries having the same common colonizer). The framework we propose also
allows us to include interactions when modeling a covariance matrix.

The problem arises in the context of the production of the United Nations’ World Popu-
lation Prospects (WPP) (United Nations (2010, 2024)), which issues the U.N.’s official esti-
mates and projections of population for all the countries of the world. These are widely used
by governments at all levels, in the private sector, and by researchers, especially in the health
and social sciences. They are also used to inform policymaking by international organizations
about issues, such as food security, and to monitor progress toward targets, such as the U.N.’s
Sustainable Development Goals for 2030. The WPP provides estimates of past and current
population by age and sex from 1950 to the date of publication and projections for the period
from then to the year 2100. It also contains estimates and projections of the components of
population change, namely, fertility, mortality, and international net migration. The WPP also
includes estimates and projections for about 300 aggregates of different countries by geogra-
phy (e.g., the 22 U.N. regions, such as Western Europe or Eastern Africa), development level
(e.g., Lower and Middle-Income Countries), or other criteria. The WPP is revised every two
or three years in light of the most recent data and to use the most current methodology.

Until 2006, the U.N. used a deterministic method for projecting future population that
combined the cohort-component method of population projection with subjective expert opin-
ion about future fertility, mortality, and migration (Preston, Heuveline and Guillot (2001)).
This is similar to methods used by most other agencies doing population projections at least
since the 1930s. In this method, uncertainty was not expressed using standard statistical meth-
ods, such as confidence intervals or standard errors, but rather scenarios in which, for exam-
ple, fertility was increased or decreased relative to the main, expert-based projection by user-
specified amounts. This was widely criticized as having no probabilistic or statistical inter-
pretation and generating poorly calibrated uncertainty statements, which are implausible over
multiple projection periods or countries. As a result, starting in 2006, the U.N. engaged in
a collaborative research effort to develop better, statistically-based methods for probabilistic
population projections, involving statisticians at the University of Washington. These meth-
ods were thoroughly evaluated and adopted for the first time for the U.N.’s official projections
in 2015.

A critical part of this new method is a method for probabilistic forecasting of the total
fertility rate (TFR). This rate is specific to a given country and time period and is defined
as the expected number of children a woman would bear if she survived the reproductive
interval (usually defined as up to age 49) and at each age experienced the age-specific fertility
rates for that age and period. This method, proposed by Alkema et al. (2011a), is based on
the observation that the evolution of TFR over time everywhere has been divided into three
phases: phase I, usually in preindustrial societies, generally consisting of fluctuations around
a high level in the range of four to seven children per woman, phase II, usually following
the start of industrialization in which fertility declines until it reaches some point below the
replacement rate of 2.1, and phase III in which TFR again fluctuates but remains low.

Phase II is usually called the fertility transition and is the most critical phase for forecasting
future population. It is modeled by a Bayesian hierarchical model, defined for each country
as a random walk with a state-dependent drift. The drift, or expected fertility decline, is
assumed to follow a double-logistic function of the current fertility level. This typically yields
a fertility decline that starts slowly, accelerates, slows, and then stops at some level below the
replacement level. Alkema et al. (2011a) evaluated the model thoroughly and found it to give
both good point forecasts and well-calibrated interval forecasts.

TFR tends to be highly correlated across countries because it evolves similarly in similar
countries. However, once one takes account of the country-specific trend through the double-
logistic fertility decline model, the correlation is much lower, but still positive. This matters
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little for probabilistic forecasting for individual countries. However, it can matter a great deal
for aggregates of countries. Typically, between-country TFR correlations are positive, and
so if they are ignored in forming probabilistic forecasts, they will tend to underestimate the
uncertainty associated with such aggregate projections. Thus estimating the between-country
correlations is critical for such purposes.

This is made challenging by the fact that the number of countries is typically much larger
than the number of time points available for estimation. For example in the present work,
which is motivated by the 2010 WPP revision, there are d = 195 countries, but only T = 11
time points, each representing a different five-year time period. Thus, any individual corre-
lation estimate based on these 11 time points will tend to be very prone to random sampling
error; for example, the standard error of a standard Pearson correlation estimate from T time
points is close to 1√

T
when the true correlation is close to zero. Thus, an empirical estimate

of the correlation matrix will tend to be very noisy when there are only 11 time points.
Fosdick and Raftery (2014) developed a method to overcome this problem for countries

and time points in the critical phase II period. This is a two-stage method in which first
the one-step ahead residuals are standardized by their standard errors. Then the individual
correlations are modeled as linear combinations of country pair-specific covariates. Many
such covariates were considered, and three were found useful: whether the two countries
are neighbors, whether they are both in the same U.N. region, and whether they shared a
colonizer in 1945. The resulting model fits the correlations well and is heavily regularized,
but it has a drawback, namely, that it does not yield a positive semidefinite matrix; whereas in
fact, correlation matrices are positive semidefinite. Thus, for example, maximum likelihood
estimation is not possible, because the likelihood is not well defined.

Fosdick and Raftery (2014) got around this by using maximum pairwise likelihood esti-
mation (Cox and Reid (2004), Varin, Reid and Firth (2011)). This still did not yield a positive
semidefinite result. Fosdick and Raftery (2014) then used the positive semidefinite matrix
closest in Frobenius norm to the resulting pairwise likelihood estimate, obtained by perform-
ing an eigenvalue decomposition of the pairwise likelihood estimate, setting any negative
eigenvalues to a value close to zero, and then reconstructing the matrix. The resulting esti-
mate validated well. Crucially, it also yielded much improved estimates of uncertainty for
aggregate regions, with predictive variances that were up to three times larger than those that
resulted from assuming independence.

While the method of Fosdick and Raftery (2014) generally performed well, it has some
ad hoc aspects, and we wished to develop a more statistically principled method. That is
our goal in the present manuscript. Here we propose a more standard statistical approach to
correlation estimation by reexpressing it in terms of a random effects model for which we
can carry out standard statistical estimation. This yields a positive semidefinite estimator of
the correlation matrix, without the need for pairwise likelihoods or post hoc adjustments to
ensure positive semidefiniteness. While the random effects model that we use is standard,
its use for estimating correlation matrices with far more variables than observations using
variable-pair-specific covariates is new, as far as we know.

The manuscript is organized as follows. In Section 2 we give a brief review of the relevant
literature on covariance matrix estimation. In Section 3 we give an overview of the dataset
and give the motivation for our model assumptions, followed by the general setting for the
estimator we propose. In Section 4 we define our estimator and derive its properties. We pro-
pose an estimation algorithm (Section 4.3) and show how to adjust our estimator in the case
that the model assumptions do not hold (Section 4.4). In Section 5 we assess its performance
under a variety of different settings by simulation and compare it to some popular alternative
methods. Then we use these techniques to derive estimates of the covariance matrix of the
TFR dataset, whose correlations we compare in Section 6. We close with a discussion of our
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work. The code for this paper for scientific dissemination is available in the Supplementary
Material and also on Github https://github.com/m-metodiev/SCE/tree/main. The estimators
used in this article are made available in the R-package scov (Metodiev, Perrot-Dockès and
Robin (2025)).

2. Covariance matrix estimation. As we shall see, the performance of standard covari-
ance matrix estimators is not excellent in the setting we consider, because they cannot handle
pairwise and spatial covariates. These include shrinkage estimators, such as the Ledoit–Wolf
estimator (Ledoit and Wolf (2004)), which shrink covariance matrices toward sparse matrices
or the identity matrix (for a review, see Pourahmadi (2013), Ledoit and Wolf (2022)) as well
as estimators, such as the graphical lasso (Friedman, Hastie and Tibshirani (2008)) which
assumes sparsity of the inverse of the covariance matrix.

The most commonly used approaches, which assume dependency structures within the
model, are approaches that use factor models (for an overview of these approaches, see Fan,
Liao and Liu (2016)). There are indeed estimation procedures that use factor models and
which can also allow for the encoding of spatial information, as in Christensen and Amemiya
(2003), Wang and Wall (2003), Lopes, Salazar and Gamerman (2008), Lopes, Gamerman and
Salazar (2011), Thorson et al. (2015). Clustered structures, on the other hand, are estimated
via multilevel factor models (Longford and Muthén (1992)). While we will show that the cor-
relation structures of the different cluster effects present in the data can each be interpreted
in the framework of multilevel factor models, none of the models available in the literature
can combine several multilevel factor models with a spatial structure. Moreover, the num-
ber of samples we are facing is too small to use techniques such as parallel factor analysis
(Harshman and Lundy (1994)).

Interpretability. Interpretability of the model parameters has been stressed to be an impor-
tant feature of covariance matrix parametrization by Pourahmadi (1999, 2011), but while
that work does provide solutions, they do not incorporate pair-specific covariates into the co-
variance matrix estimation procedure. Approaches that do include pairwise covariates into
the model have involved evaluating linear combinations of known matrices on the scale of
the covariance matrix (Anderson (1973)). Sums of covariance matrices also appear in linear
mixed-effect models when adding crossed effects (Gałecki and Burzykowski (2013)).

However, sums of covariance matrices are, in practice, hard to interpret. To illustrate this
problem, suppose that we set the covariance matrix of the data to the sum of the following
two covariance matrices:

Σ :=
(︃

18 0
0 18

)︃
+

(︃
2 0.8

0.8 2

)︃
,(1)

and that a two-dimensional Gaussian model with covariance matrix Σ is used to model the
data. The first matrix assumes independence between the two variables considered, while the
second matrix characterizes variables which are clearly correlated. Individually, the correla-
tions of the second matrix tell us nothing about the correlation matrix of the data, since they
might be overwhelmed by the entries of the first. Indeed, while the correlations of the two
variables associated with the second matrix are relatively high (0.4), the correlation matrix
associated with Σ is given by

R =
(︃

1 0.04
0.04 1

)︃
,(2)

meaning that the correlation between the two variables is small in the resulting dataset.
Different scales, such as the matrix logarithm (Chiu, Leonard and Tsui (1996)), have been

suggested, but they suffer from a similar problem. Bonat and Jørgensen (2016) generalized

https://github.com/m-metodiev/SCE/tree/main
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these approaches into a framework for nonnormal multivariate data, called multivariate co-
variance generalized linear models (McGLM). A McGLM was used by Bonat and Jørgensen
(2016) to include spatiotemporal covariates in the covariance estimation. It is also possible to
use de Freitas et al. (2022) to incorporate information about variables belonging to a similar
cluster. However, while the framework of McGLM is the closest to ours, it is not clear how
to use it to get interpretable results or how to combine spatial structures and clusters in the
same model.

Some Bayesian approaches get interpretable parameters by separating the structure of the
variance parameters from the structure of the correlation parameters. This separation strat-
egy has been used successfully in Bayesian inference in a variety of approaches (see, for
instance, Barnard, McCulloch and Meng (2000), Lewandowski, Kurowicka and Joe (2009),
Qian (2009), Tokuda et al. (2011)), but none of these approaches incorporate pairwise co-
variates into the covariance matrix estimation. There are also some Bayesian approaches for
covariance matrix estimation which use information about different clusters of variables, such
as Karolyi (1992, 1993), Aguilar and West (2000), West (2003), Liechty, Liechty and Müller
(2004), but none of these combine this information with a spatial structure.

At the core of the covariance matrix estimation strategy we propose is the idea of combin-
ing the separation strategy with the approach of Anderson (1973). This allows us to normalize
the covariance matrices into correlation matrices such that the parameters of the random ef-
fects are interpretable. Going back to equations (1) and (2), we recommend instead separating
the variance estimation and modeling R directly as a convex combination of two correlation
matrices. In our previous toy example, a possible choice could be

R = 0.9
(︃

1 0
0 1

)︃
+ 0.1

(︃
1 0.4

0.4 1

)︃
.

The importance of each matrix is given by its linear coefficient. Independently of the values
of the other matrix, we will know that the correlation between the two variables is such that
10% of the correlation structure is explained by the second correlation matrix.

In the TFR dataset that motivates our work, a variety of effects and their interactions are to
be taken into account. We will show that the setting of the TFR dataset allows us to give use-
ful estimates that work well, in the sense that useful properties (identifiability, consistency,
asymptotic normality in the number of data points T and in the dimension d , available confi-
dence regions) hold under some assumptions. We will also adjust our estimator in such a way
that it gives consistent estimates, without having to assume that specific model assumptions
hold.

3. Modeling covariance matrices with known pairwise and spatial covariates.

3.1. The total fertility rate data. The dataset we analyze consists of the total fertilty rate
(TFR) of 195 countries in successive five-year periods from 1950 to 2010. One country as
well as one time period were removed for reasons on which we will elaborate further in
this section and Section 6. The dataset is denoted by Y and is made up of T = 11 time points
(observations) and d = 195 countries (variables). The element Yt,j of Y is the TFR of country
j at time t , and Y

⊺
t := (Yt,1, . . . , Yt,d) ∈ ℝ

d denotes row t of matrix Y . Note that the index t

is used to refer to different observations because of the specific nature of the dataset. There
is previous work on this dataset on which we build. We will first summarize this work.

The United Nations (U.N.) predicted the total fertility rate (TFR) of different countries
via the Bayesian hierarchical model of Alkema et al. (2011a) in the 2010 world population
prospects (United Nations (2010)). The TFR was modeled as

Yt = μt + ε0
t , ε0

t |Yt−1 ∼ MVNd

(︁
0d,diag(σt ) Id diag(σt )

)︁
,



A STRUCTURED ESTIMATOR FOR LARGE COVARIANCE MATRICES 1741

FIG. 1. TFR values of France and Germany.

with independent forecast errors ε0
t , μ

⊺
t := (μt,1, . . . ,μt,d), where μt,j denotes the expected

TFR (conditional on Yt−1) for country j in period t for j ∈ ⟦1, d = 195⟧ and σ 2
t,j the variance

(conditional on Yt−1), t ∈ ⟦1, T = 11⟧. Note that diag(σt ) is a diagonal matrix with entries
σt , 0d is the null-vector, Id the identity matrix, and MVNd(m,S) denotes the multivariate
normal distribution of dimension d with mean m and covariance matrix S.

The parameters μt , σt are time dependent, going through three stages: pretransition, transi-
tion, and post-transition. If country j is in phase II (transition), μt,j is on average decreasing
in t with (μt,j , σt,j ) following a Bayesian hierarchical model. If it is in phase III (post-
transition), μt,j fluctuates around a factor below 2.1, the replacement fertility level, with a
constant variance σ 2

t,j . Phase I is not included in the model since all countries have already
completed the pretransition, eliminating the need for predictions. While this model was build
on a solid demographic background, the independence assumption within each observation of
TFR values, implied by the fact that the covariance matrices are set to be diagonal, remains
questionable. After all, one would not expect two countries that share similar attributes to
have independent standardized errors. As an example, consider the TFR values of Germany
and France, which are shown in Figure 1. Their high values around 1950 and 1960 have simi-
lar explanations, their social and economic recovery after World War II leading to the postwar
baby boom, so one would expect their standardized errors to be positively correlated.

Fosdick and Raftery (2014) found that between-country dependencies that are not included
in the model of Alkema et al. (2011a) yielded prediction intervals for forecasting regions
consisting of multiple countries that were too narrow. To tackle this, Fosdick and Raftery
proposed estimating the covariance matrix of the joint distribution of the countries’ TFRs.
They did this by modeling the covariance matrix using time-invariant pairwise information,
namely, whether two countries had the same common colonizer after 1945, whether two
countries are contiguous, and whether two countries are in the same U.N. region.1

A first model was built as

Yt = μt + ε0
t , ε0

t |Yt−1 ∼ MVNd(0d,Σt),

where Σt denotes the covariance matrix (conditional on Yt−1), t ∈ ⟦1, T = 11⟧.

1We identify regions by the U.N. subdivision of the sustainable development goal (SDG) regions into 21 ge-
ographic subregions. We identify the 10 different colonizers and their colonial relationships after 1945 as well
as their neighborhood structure, via the database of the Centre d’Études Prospectives et d’Informations Interna-
tionales (CEPII) (Mayer and Zignago (2006)).
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Fosdick and Raftery (2014) also decomposed the covariance structure of the model into the
standard deviation vector at time t , σt ∈ ℝ

d+, as well as a correlation structure Rt . Conditional
on Yt−1, we have that

ε0
t |Yt−1 ∼ MVNd

(︁
0d,diag(σt )Rt diag(σt )

)︁
.

With the method of Alkema et al. (2011a) already providing accurate estimates of μt and
σt , Fosdick and Raftery chose to model εt , the standardized version of ε0

t , such that

(3) εt |Yt−1 ∼ MVNd(0d,Rt),

and focused on the estimation of Rt . For all countries that are in phase II or III of the model
of Alkema et al. (2011a), they set

(Rt )i,j =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

1 if i = j,

α
(1)
0 + α

(1)
1 contigi,j

+ α
(1)
2 comcoli,j + α

(1)
3 regioni,j Yt−1,i < κ,Yt−1,j < κ,

α
(2)
0 + α

(2)
1 contigi,j

+ α
(2)
2 comcoli,j + α

(2)
3 regioni,j otherwise,

(4)

where κ is a threshold parameter, contigi,j = 1 if countries i and j are contiguous,
comcoli,j = 1 if they had a common colonizer after 1945, regioni,j = 1 if they are in the
same U.N. region, and 0 otherwise.

Fosdick and Raftery (2014) selected these covariates by Bayesian model selection using
the BMA package (Raftery et al. (2013a)) on the database of Mayer and Zignago (2006),
which includes a variety of pairwise covariates. The authors selected the three covariates
mentioned (the “contig,” “comcol,” and “region” covariate), based on the fact that their pos-
terior inclusion probabilities are above 50%, which is predictively optimal under some as-
sumptions according to Barbieri and Berger (2004). To exhibit the need for the inclusion of
these covariates, we visualized the standardized errors of five different countries in Figure 2.
Linear regression lines are added for all country pairs. Germany, France, Switzerland, and
Luxembourg are all spatially close to each other and in the same U.N. region (Western Eu-
rope), and their regression lines do indeed point in the same direction. On the other hand, the
Republic of Korea shares none of the pairwise covariates listed with these other countries,
and its relationship with them is clearly weaker.

The problem with this approach is that the value of Rt that it yields is not necessarily
positive definite for all values of α

(k)
0 , . . . , α

(k)
3 . To address this, Fosdick and Raftery (2014)

mapped their estimate of Rt onto the positive definite correlation matrix that was closest to
it with regards to the Frobenius norm. This is quite simply done computationally, by taking
the eigenvalue decomposition of the estimated matrix, setting negative eigenvalues to a small
positive value, and reconstituting the matrix. However, this method comes with no statistical
guarantees. We seek instead a statistically principled approach to estimating the covariance
matrix.

Here we propose a new approach that models the correlation matrix of the TFR directly, as
a time-independent correlation matrix R, which is a linear combination of several correlation
matrices. These correlation matrices are in turn entirely determined by known covariates,
independent of the thresholding level κ , and in particular of the time point t , which is why
we do not use the index t for R in our model. Therefore, R will be positive definite if at least
one of these correlation matrices is positive definite.

For each time point t , we follow Fosdick and Raftery (2014) in only modeling the TFR Yt

of the countries that are in phase II or III of the model of Alkema et al. (2011a). This occurs
only after the first time period, which is why one time period was removed to obtain T = 11.
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FIG. 2. Scatterplot matrix of the standardized errors ε1, . . . , εT for five different countries; a regression line is
added to each panel. Density plots are shown on the diagonal, and correlation estimates are displayed on the
upper right panels.

Our methodology relies on the decomposition of the stanadardized errors εt as a weighted
sum of standardized, independent effects. Thus, for every time point 1 ≤ t ≤ T , we consider

Yt = μt + diag(σt )εt , εt ∼ MVNd(0d,R).

We model the residuals as follows:

(5)

εt = At + Bt + Ct + Dt + Et, At ,Bt ,Ct ,Dt ,Et ∈ ℝ
d where

At
i.i.d∼ MVNd(0d, αAFA), Bt

i.i.d∼ MVNd(0d, αBFB),

Ct
i.i.d∼ MVNd(0d, αCFC), Dt

i.i.d∼ MVNd

(︁
0d, δDΓ(βD)−1)︁

,

Et
i.i.d∼ MVNd(0d, αEId).

Note that the covariance matrix of the standardized errors is equal to the correlation matrix
of the data, conditional on the values at the previous time points, since by construction each
εt,j has variance 1.

The random vectors, At,j , Bt,j , Ct,j , Dt,j denote the random effects on country j at
time t , corresponding to the effect of having a common colonizer, belonging to the same
region, the global effect, the contiguity effect, respectively. The random vector Et denotes
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i.i.d. Gaussian noise for all countries at time t (its correlation matrix is the identity matrix
of dimension d , Id ). Its presence ensures that the correlation matrix of εt is positive definite,
since at least one of the correlation matrices of the standardized effects is positive definite.
The random effects are standardized, in the sense that the matrices FA, FB , FC , Γ(βD)−1

are correlation matrices, that is, positive semidefinite matrices with diagonal entries equal
to 1. They are also weighted by positive constants αA, . . . , αE, δD , which must sum to one.
This ensures that the impact of each effect is measurable via its linear coefficient: for every
pair of countries (i, j), its correlation is an average of the individual entries (FA)i,j , (FB)i,j ,
(FC)i,j , Γ(βD)−1

i,j weighted by their respective weights.
We use two separate approaches for modeling the correlation matrices of the random ef-

fects. Matrices with the capital letter F naturally impose a block structure on the model,
in the sense that they partition the countries based on which cluster (i.e., region, colonizer)
they belong to. Let fA ∈ {0,1}d×10, fB ∈ {0,1}d×21 denote the covariates corresponding to
the regional and common colonizer clusters, meaning that (fB)j,r = 1 if country j belongs
to region r and 0 otherwise (analogously for fA). We can easily transform these covariates
into correlation matrices by setting FA = fAf

⊺
A , FB = fBf

⊺
B , meaning that (FA)i,j , (FB)i,j

are equal to 1 if countries i and j have the same common colonizer or belong to the same
U.N. region, respectively. The global effect applies equally to every country pair such that
FC = 1d1⊺d , where (1d)j = 1 for all j , meaning that (FC)i,j is always 1. Note that the way
these matrices are modeled corresponds to the way in which correlation matrices are mod-
eled in multilevel factor models, only that in our case the factor loadings and group means are
known. They can also be represented via the design matrix of a linear mixed-effects model.
We elaborate on these points in Appendix D (Metodiev et al. (2026)).

The contiguity effect was modeled using a conditional autoregressive (CAR) model. There
are many different CAR models, each of which is usually specified by a small number of pa-
rameters (Wall (2004), Kyung and Ghosh (2010), MacNab (2011), Tastu, Pinson and Madsen
(2013), Ver Hoef, Hanks and Hooten (2018)). We parametrize the CAR model via only one
autocorrelation parameter, βD , in a Gaussian Markov random field (GMRF). We follow Be-
sag and Kooperberg (1995) and Besag, York and Mollié (1991) in setting

Γ(βD) = QβD
M2(Id − βDM1)QβD

,

(M2)i,j =

⎧⎪⎪⎨
⎪⎪⎩

d∑︂
e=1

Mi,e i = j,

0 i ≠ j,

(M1)i,j = Mi,j

(M2)i,j
,

(6)

with the parameter βD ∈ (0,1), where M is the adjacency matrix induced by the neighbor-
hood structure of the underlying geography. The expression for QβD

in equation (6) is differ-
ent from the most commonly used form. This is because here we are modeling the correlation
matrix rather than the covariance matrix. The matrix QβD

is a nonnegative diagonal matrix
chosen such that all diagonal entries of Γ(βD)−1 are equal to 1. In the model we propose,
a simple analytic expression of QβD

exists, as illustrated in Appendix A (Metodiev et al.
(2026)).

It can happen that components of the CAR model are unconnected and that there are
countries that have no neighbors at all (e.g., countries that consist of islands). The latter case
is of particular importance to us since the standard CAR model is not defined for unconnected
nodes. However, the literature on how to deal with this case is sparse. We follow Freni-
Sterrantino, Ventrucci and Rue (2018) in assuming that the correlation of the spatial effect
is Γ(βD)−1

j,j = 1 for every country j and Γ(βD)−1
i,j = 0 if country i or country j is set on an

island.
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Note that the assumptions made in equation (5) are general: we assume only that there
are some independent, standardized effects through which we can express the impact of our
covariates on the correlation matrix of the data.

3.2. Correlation structure. We now develop a more general framework for correlation
estimation. Suppose that there are K known correlation matrices F1, . . . ,FK defined with no
parameters (these may correspond, e.g., to correlation matrices derived from clusters, such as
regions and colonizers), one known positive definite correlation matrix F0 (this will usually
correspond to i.i.d. Gaussian noise) and one known correlation matrix defined via a number
of parameters β1, . . . , βG (this will usually correspond to the correlation matrix of a spatial
effect). Let Y1, . . . , YT be a Markov process of Gaussian vectors with mean vectors μt =
E[Yt |Yt−1], variance vectors σ 2

t = Var[Yt |Yt−1], and a correlation matrix R = Cor(Yt |Yt−1),
which does not depend on the time point t . We model the correlation matrix R as follows:

(7) R(α,β, δ) = Φ(α) + δ · Γ(β)−1, where Φ(α) =
K∑︂

k=0

αkFk,

with the constraints

(8) αk, δ > 0, δ +
K∑︂

k=0

αk = 1.

Since the parameters must sum to 1, we restrict our estimation procedure to only es-
timating (α,β, δ) := (α1, . . . , αK,β1, . . . , βG, δ), because one can easily solve for α0 =
1 − ∑︁K

k=1 αk − δ.
Here we focus on estimating the correlation matrix R by modeling it as a sum of corre-

lation matrices. One could also estimate the covariance matrix Σ by modeling it as a sum
of covariance matrices. The same kind of methodology can still be applied in this case, with
some minor changes.

Few assumptions about Γ(β) are needed, other than assumptions on its differentiability.
The order of differentiability required for our algorithm to work well will be discussed in
the next section. Ideally, Γ(β)−1 should be twice differentiable with bounded first derivatives
and continuous second derivatives.

Model (7) is a generalization of model (5): due to the assumption of independence, we
know that the correlation matrix of the standardized errors is a linear combination of the
correlation matrices of the random effects. Also, the diagonal entries of a correlation matrix
are equal to 1. The restriction (8) ensures that this is the case for the model we propose.

The structure is defined on the scale of the correlation matrix. No assumptions are made
on the structure of the variance vectors σ 2

t or the mean vectors μt . They may even depend on
the data, but only on the data of their predecessor, Yt−1. Thus the data follow the following
distribution:

(9)
(Y1, . . . , YT ) ∼

T∏︂
t=1

MVNd

(︁
μt,Σ(σt , α,β, δ)

)︁
,

Σ(σt , α,β, δ) = diag(σt )R(α,β, δ)diag(σt ),

where R(α,β, δ) is defined in equation (7).
Note that the description of the data was chosen to be as general as possible, allowing

dependencies between the data points, as well as mean- and variance structures that vary
with time. This allows us to add a correlation structure to models which are potentially quite
complicated, but already have well-known mean- and variance estimators available.
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This is the case for our model in which the countries marginally follow a random walk
model with nonlinear drift and for which the marginal mean- and variance parameters have
already been estimated efficiently in Alkema et al. (2011a). This is also why we are primarily
interested in the properties of our estimator on the scale of the correlation matrix.

However, one could also use our model in the classical case, where all data points are i.i.d.
and use standard estimators for the mean- and variance parameters, in which case consistency
on the scale of the correlation matrix carries over to consistency on the scale of the covariance
matrix. We implement an algorithm for this case and test it in Section 5.

4. Inference about the covariance matrix.

4.1. Maximum likelihood estimation. The likelihood associated with the proposed model
is

L(Y ;μ,σ,α,β, δ) =
T∏︂

t=1

MVNd

(︁
Yt ;μt,Σ(σt , α,β, δ)

)︁
,(10)

where μ = (μt )t , σ = (σt )t . In our context, accurate estimates of μ and σ are already avail-
able and denoted by μ̂ and σ̂ , respectively. We denote the maximum likelihood estimator of
Σ(σt , α,β, δ) by

Σ̂SCE
t := Σ(σ̂t , α̂SCE, β̂SCE, δ̂SCE),

where (α̂SCE, β̂SCE, δ̂SCE) is the output of an optimization algorithm that solves

(α̂SCE, β̂SCE, δ̂SCE) = argmax
(α,β,δ)

L(Y ; μ̂, σ̂ , α,β, δ).

We call this the “structured covariance estimator” (SCE), because it is meant to capture
known pairwise dependency structures in the data. Note that if one does not already have
accurate estimates of μ and σ , it is also possible to optimize the likelihood in equation (10)
jointly over (μ,σ,α,β, δ).

Identifiability. Before computing the SCE, one might check that the model is identifiable.
This is relatively easy to do if the dimension of β is small (note that in our case β is one-
dimensional). This is because for fixed β , identifiability can be checked by solving a linear
program.

THEOREM 4.1. The model is identifiable if the linear program

max
α,α′,δ,δ′ δ + δ′

such that
K∑︂

k=0

(αk − α′
k)Fk + δΓ(β)−1 = δ′Γ(β ′)−1

K∑︂
k=0

αk + δ =
K∑︂

k=0

α′
k + δ′ = 1, α0, . . . , αK,α′

0, . . . , α
′
K, δ, δ′ ≥ 0

has output 0 and the matrices F0, . . . ,FK,Γ(β)−1 are linearly independent for every β ≠ β ′.

The proofs of this and any other theorem in this article can be found in Appendix B
(Metodiev et al. (2026)). The theorem can be used to verify identifiability, since its condi-
tions can be checked with a grid-search over β , β ′. Let us note that this check will return
parameter values for which the model is not identifiable, if it finds any.
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Initialization. In order to initialize the procedure, we consider
(︁
α(0), β(0), δ(0))︁ : = argmin

(α,β,δ)

⃦⃦
R(α,β, δ) − R̂

⃦⃦
F ,(11)

where R(α,β, δ) is defined in equation (7), ∥.∥F denotes the Frobenius norm, and R̂ is the
Pearson correlation matrix of the estimated standardized errors, ε̂t = diag(σ̂t )

−1(Yt − μ̂t ).
This particular initialization is useful because R(α(0), β(0), δ(0)) itself is a consistent estima-
tor as long as R̂ is consistent.

For fixed β the initialization is an optimization problem that can be solved in polynomial
time, as long as the conditions of Theorem 4.1 hold, using a convex quadratic optimization
method from Goldfarb and Idnani (1983a, 2006), implemented in the R-package quadprog
(Turlach and Weingessel (2019)). Thus, we can solve this problem via a grid-search over β .

Note that the optimal solution of equation (11) may lie on the edge of the parameter space.
This is a problem since parameter values, such as α1 = 1, are not allowed. In this case,
additional constraints are added to ensure that the optimal solution is feasible. The complete
procedure used is defined in Appendix C (Metodiev et al. (2026)).

Gradient descent. It is equivalent, and computationally more convenient, to maximize a
specific transformation of the likelihood,

l(α,β, δ) := 1

T
log

T∏︂
t=1

1

|R(α,β, δ)| exp
(︁−ε̂

⊺
t R(α,β, δ)−1ε̂t

)︁
,

where |R(α,β, δ)| denotes the determinant of R(α,β, δ). We do this by using a quasi-Newton
algorithm (BFGS) (Fletcher and Reeves (1964), Broyden (1970), Goldfarb (1970), Shanno
(1970)). This algorithm requires derivatives of l, which are easy to obtain in our case since
there is a simple expression for the spatial effect matrix Γ(βD)−1. A list of these derivatives
is given in Appendix A (Metodiev et al. (2026)).

4.2. MLE properties. In Theorem 4.2 below, we prove several desirable properties of
this estimator, such as consistency and asymptotic normality in the number of time points T .
Interestingly, it turns out that, under mild conditions, we also have consistency and asymptotic
normality in the dimension of the data, d , even if there is just one time point. This result is
given in Theorem 4.4. This is important because in the case of the TFR dataset the data are
observed for at most d = 195 countries and T = 11 time points.

THEOREM 4.2. Let (α⋆,β⋆, δ⋆) be the true model parameter and Σ⋆
t denote the true

covariance matrix, R⋆ the true correlation matrix. Suppose that:

(A1) the model given by equation (7) is identifiable,
(B1) Γ(β)−1 is a uniformly continuous function in β with open, convex and bounded

domain,
(C1) the squared estimated standardized errors ST = 1

T

∑︁T
t=1 ε̂t ε̂

⊺
t almost surely converge

to R⋆.

Then the normalized SCE, R̂SCE = R(α̂SCE, β̂SCE, δ̂SCE), is strongly consistent in the number
of time points T .

If assumptions (A1)–(C1) hold and:

(A2) (α̂SCE, β̂SCE, δ̂SCE) is a stationary point of l,
(B2) Γ(β) is at least twice differentiable in β with continuous partial derivatives,
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(C2) ZT := √
T (ST − R⋆) converges in distribution to Z, a random matrix for which the

vector (Z1,1,Z1,2, . . . ,Zd,d) follows a multivariate normal distribution with E[Zi,j ] = 0 and
Cov(Zi1,j1,Zi2,j2) = Cor((Y1Y

⊺
1 )i1,j1, (Y1Y

⊺
1 )i2,j2), where Y1 denotes the vector of the first

observation,

then the vector
√

T ((α̂SCE, β̂SCE, δ̂SCE)− (α⋆,β⋆, δ⋆)) is asymptotically normally distributed
with means 0 and covariance matrix equal to the inverse of the Fisher information matrix

I (α,β, δ)i,j = 1

2
tr

(︃
R(α,β, δ)−1 ∂R

∂(α,β, δ)i
(α,β, δ)R(α,β, δ)−1 ∂R

∂(α,β, δ)j
(α,β, δ)

)︃

evaluated at the true parameter, in the number of time points T .

REMARK 4.3. The correlation matrix of the CAR-model, which we use in the experi-
ments section (Section 5) of this article, fulfills Conditions (B1) and (B2). We can check for
identifiability (Condition A1), using Theorem 4.1. As time passes, the countries eventually
enter phase III of the model of Alkema et al. (2011a). Thus, the majority of the mean and
variance estimators used by Fosdick and Raftery (2014) are, for T sufficiently large, approx-
imating MLEs of the autocorrelation and variance parameter of an AR(1) model, since only
phase III of their model is relevant for consistency in T . These types of estimators are strongly
consistent and asymptotically normal for a very general class of models that use time series
(Hannan (1973)) and the strong law of large numbers still holds for weakly correlated ob-
servations (Lyons (1988)), so there is an argument to be made that Conditions (C1) and (C2)
hold as well. Additionally, asymptotic confidence regions can be obtained by calculating the
inverse of the Fisher information matrix. We can observe the properties of Theorem 4.2 in
the experiments section.

In our case we are going to show in Section 5.2 of this article that the number of time points
necessary for convergence is quite small, as long as the dimension d of the data is sufficiently
large. In fact, thanks to the following theorem, we have convergence, even if T = 1.

THEOREM 4.4. Suppose that the estimated standardized errors follow an i.i.d. normal
distribution with mean 0d , unit variances and correlation matrix R, and that a global maxi-
mum of the likelihood is given by (α̂SCE, β̂SCE, δ̂SCE). Suppose also that:

(A) Γ(β) is two times differentiable with respect to β with continuous partial derivatives
and open domain,

(B) the correlation matrix of the Fisher information matrix, Cor(I (α,β, δ)−1) = QI(α,

β, δ)I (α,β, δ)−1QI(α,β, δ), where QI is the unique nonnegative diagonal matrix for which
this product is a matrix with a diagonal of ones, exists and is nonsingular,

(C) F0 = Id , the sum of each row of the elementwise absolute values |F1|, . . . , |FK |,
|Γ(β)−1|, | ∂

∂βg
|Γ(β)−1|, ∂2

∂βg∂βw
|Γ(β)−1| is bounded in d (i.e., it is O(1)) and for a propor-

tion of at least p ∈ (0,1) of the rows there exists a τ > 0 such that each sum of squares of the
nondiagonal row-elements has a lower-bound of τ .

Then
√︂

I (α̂SCE, β̂SCE, δ̂SCE)((α⋆,β⋆, δ⋆)− (α̂SCE, β̂SCE, δ̂SCE)) converges in distribution in d

to a standard normal random variable, and the estimators (α̂SCE, β̂SCE, δ̂SCE) are consistent.

REMARK 4.5. The theorem holds for any value of T , the number of time points, even
for T = 1. Conditions (A) and (C) are fulfilled by the CAR model, as long as the size of the
largest connected component of the underlying spatial structure is bounded in d and there are
fewer island-countries than nonisland-countries. In the case of the TFR dataset, Conditions
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(B)–(C) boil down to conditions on the data having multiple distinct clusters, each of which
is limited in its size but has more than one component. This is mostly the case, as there
are several regions, colonizers, and (approximately) separate connected components (i.e.,
continents). It is not fulfilled by the global effect, since its cluster is of size d . However, we
found that the global effect only made a small impact in practice and thus should not affect
performance too much. In addition, the assumption that the mean- and standard deviation
estimators are exact is crucial, since it only occurs approximately in practice. We analyze the
convergence of our model in the number of countries, d , and discuss the effects of the mean-
and standard deviation estimators in Section 5.3.

REMARK 4.6. It may be of interest to include time-dependent covariates into the estima-
tion procedure. In principle, this does not change our estimation procedure, but results with
respect to the asymptotic behaviour of our estimator as T goes to infinity do not hold in this
case. However, Theorem 4.4 makes no assumptions on T , and so convergence in d will hold,
even if the correlation matrix R was to vary with T .

4.3. Model selection. All the available matrices may not be relevant for modeling the
covariance of the data. If this is the case, only a subset of the matrices {Γ(β)−1,F1, . . . ,FK}
should be used to construct the model.

For an index set J ⊆ {−1,0,1, . . . ,K}, we define

RJ (α,β, δ) = ΦJ (α) + δ · Γ(β)−1 · 1−1∈J , where ΦJ (α) = ∑︂
k∈J\{−1}

αkFk.

Then we conduct model selection via the Bayesian information criterion (BIC). For any given
index set J , we define the BIC as

−2 log
(︁
LJ (Y ; μ̂, σ̂ , α̂SCE, β̂SCE, δ̂SCE)

)︁ + (︁|J | + G · 1−1∈J

)︁
log(T ),

with LJ defined like L in equation (10) and R replaced by RJ in the definition of Σ. The
asymptotic normality of the model parameters, guaranteed by Theorems 4.2 and 4.4, ensures
that, under mild conditions, the posterior distribution is approximately normal, which justifies
the use of the BIC (Raftery (1995)).

4.4. Model misspecification. In some cases, only parts of the correlation coefficients are
explained by known covariates. In such cases, equation (7) does not hold, and the SCE is not
consistent. However, the available covariates may still be useful to improve the efficiency of
the covariance matrix estimation.

To capture both the part of the correlation that is due to the known covariates and the
part that is not, we combine R̂SCE with another correlation estimator that does not make any
assumption on the covariance structure.

This is the case for the Pearson correlation estimator. In our specific setting, we have access
to μ̂ and σ̂ , so we propose using a Pearson-type estimator,

(R̂Pearson)i,j =

⎧⎪⎪⎨
⎪⎪⎩

1

T − 1

T∑︂
t=1

(Yt,i − μ̂t,i)(Yt,j − μ̂t,j )

σ̂t,i σ̂t,j

i ≠ j,

1 i = j.

Note that if μ̂ and σ̂ correspond to the sample mean and variance, R̂Pearson is equal to the
Pearson correlation matrix. If not, it may not be positive definite in which case we map it to
the positive definite correlation matrix that is closest in Frobenius norm, using the algorithm
of Cheng and Higham (1998), implemented in the “Matrix” R package (Bates, Maechler and
Jagan (2024)).



1750 M. METODIEV ET AL.

The convex combination of this estimator and R̂SCE gives the estimator

Σ̂WSCE
t = diag(σ̂t )R̂WSCE diag(σ̂t ),

R̂WSCE = (1 − λ̂WSCE)R̂SCE + λ̂WSCER̂Pearson.
(12)

Σ̂WSCE
t is consistent as long as λ̂WSCE ∈ [0,1] approaches one, which is the case for the

optimal value that we propose. Ledoit and Wolf (2003) make a very similar argument and give
optimality conditions for the optimal mixing constant between two estimators, one of which
may not be consistent. The same results hold in our setting, under the following conditions.

THEOREM 4.7. Suppose that all conditions of Theorem 4.2 hold and:

(A3) the model is misspecified, meaning that R⋆ ≠ R(α,β, δ) for all (α,β, δ), where R⋆

is the true, nondegenerate correlation matrix,
(B3) (α̂SCE, β̂SCE, δ̂SCE) converges almost surely to its limit, (α⋆,β⋆, δ⋆), and the L2 limit

of
√

T ((α̂SCE, β̂SCE, δ̂SCE) − (α⋆,β⋆, δ⋆)) exists,
(C3) β⋆ is in the domain of Γ,
(D3) ZT := √

T (ST − R⋆) converges in L2 to Z, a random matrix for which the vec-
tor (Z1,1,Z1,2, . . . ,Zd,d) follows a multivariate normal distribution with E[Zi,j ] = 0 and
Cov(Zi1,j1,Zi2,j2) = Cor((Y1Y

⊺
1 )i1,j1, (Y1Y

⊺
1 )i2,j2), where Y1 denotes the vector of the first

observation.

Then the constant λ̂∗
WSCE in equation (12), which minimizes the expected squared error of

R̂WSCE in the Frobenius norm, is given by

1 − λ̂∗
WSCE = 1

T
· π − ρ

γ
+ O

(︃
1

T 2

)︃
= O

(︃
1

T

)︃
,

where
⎛
⎝π

ρ

γ

⎞
⎠ =

d∑︂
i,j

⎛
⎜⎝

Var
(︁√

T (R̂Pearson)i,j
)︁

Cov
(︁√

T (R̂SCE)i,j ,
√

T (R̂Pearson)i,j
)︁

(︁
E

[︁
(R̂SCE)i,j

]︁ − R⋆
i,j

)︁2

⎞
⎟⎠ .

λ̂∗
WSCE can be thought of as a shrinkage constant. If the asymptotic expected error of the

SCE, γ , is small and if the asymptotic variance of the Pearson-type correlation matrix, π , is
large, the WSCE is shrunk toward the SCE. Otherwise, it is shrunk toward the Pearson-type
correlation matrix. λ̂∗

WSCE approaches 1 as the sample size T increases, which in turn ensures
consistency of the WSCE due to the consistency of the Pearson-type correlation matrix.

Empirical estimates for the asymptotic expectations and variances used to define π and γ

are readily available via standard estimation procedures (we give our choice in Appendix C,
Metodiev et al. (2026)). However, ρ is defined via the covariances of R̂SCE and the Pearson-
type correlation matrix. These may be estimated via a bootstrap approach, but this would
require a repeated calculation of the SCE over a large simulated sample, which is computa-
tionally expensive. Alternatively, one could approximate an upper bound of ρ, ρU , which is
given by the Cauchy–Schwartz inequality,

ρU =
d∑︂
i,j

√︂
Var

[︁√
T (R̂SCE)i,j

]︁√︂
Var

[︁√
T (R̂Pearson)i,j

]︁
.

This upper bound approaches ρ as the correlation between the two estimators increases. It is
also easy to estimate, since estimators of the asymptotic variances of the Pearson correlation
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are well known, and the Fisher information can still be used to compute the variance of the
SCE under model misspecification. One can thus make a choice between setting

λ̂U
WSCE = 1 − 1

T
· π̂ − ρ̂U

γ̂
, or λ̂WSCE = 1 − 1

T
· π̂ − ρ̂

γ̂
,

where the former expression can be computed efficiently, while the latter is more precise,
but also more expensive to compute. In either case, R̂WSCE is a consistent estimator of the
correlation matrix of the data, under no assumptions on its correlation structure.

Note that it is possible that λ̂U
WSCE and/or λ̂WSCE lie outside of [0,1]. In this case they are

rounded to 0 or 1. λ̂U
WSCE is also an upper bound on the optimal shrinkage constant, meaning

that the WSCE can be shrunk too highly toward the Pearson-type correlation matrix. This
can be avoided by computing λ̂WSCE by using a bootstrap algorithm. We used this approach
when the dataset contained missing values or when the mean and variance estimators were
inprecise. However, we found that the upper bound that we suggested is quite accurate when
the mean and variance vectors of the model are considered known and there are no missing
values present, as illustrated in Section 5.4 below.

5. Numerical experiments. This section presents numerical experiments to emphasize
the advantages and limits of the proposed estimators compared to several state-of-the-art
methods. First, we compare their performances within the model assumptions, with varying
covariate structures and sizes for the datasets. Then we test the robustness of the model under
missing values, model misspecification and perform a sensitivity analysis of the assumption
that the underlying distribution of the data is multivariate Gaussian.

5.1. Simulation settings.

Sample distribution. For each scenario, we simulated 40 independent datasets. Each dataset
contains T = 11 samples drawn independently such that

(13) Yt ∼ MVNd(2.1d,R) for 1 ≤ t ≤ T ,

with R denoting a correlation structure from equation (5). Details of all simulation settings
can be found in Appendix E (Metodiev et al. (2026)).

Depending on the scenario, we considered one of, or a combination of, the following two
settings:

• Fully simulated setting (FSS): For each country the membership vector indicating its region
(resp., colonizer) is drawn from a multinomial distribution. The adjacency matrix of the
spatial structure is simulated from an Erdős–Rényi random graph model (Erdős and Rényi
(1959)) with connection probability log(d)/d .

• Using the TFR data (TFR): FA, FB , FC , and the adjacency matrix that defines the function
Γ(βD) are chosen from the real data.

REMARK 5.1. In the TFR dataset, the data points are not i.i.d. However, the standardized
errors, which we use to estimate the covariance matrix, are approximately i.i.d., so this gen-
eral setting is appropriate. Moreover, simulating the data as i.i.d. allowed us to compare our
estimators to many standard estimators which can only work in an i.i.d. setting.

External information. The SCE and the WSCE depend on estimates of μ and σ . These
can either be computed beforehand, using external information, or via standard estimators
(the sample mean and variance), or in direct combination with the parameters of the SCE,
by maximizing the likelihood function jointly over (μ,σ,α,β, δ). Thus, we distinguish three
cases:
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• known, where the true μ and σ were used to calculate the SCE and the WSCE,
• unknown (one-step), where the mean, variance and the SCE parameters were estimated

jointly in one single estimation step,
• unknown (two-step), where μ and σ were estimated by standard estimators. In turn, these

estimators were then used in the estimation procedure of the SCE parameters (α,β, δ),
resulting in a two-step procedure.

REMARK 5.2. Alkema et al. (2011a) provide accurate estimates of μ and σ for the TFR
dataset. Within their model, μ and σ were estimated with only 15 + 3 = 18 parameters (hy-
perparameters of the Bayesian hierarchical model of phase II (Alkema et al. (2011b)) plus
parameters of the AR(1)-model of phase III) and not 2 ·d = 390, which are needed for the em-
pirical estimators in the unknown setting. Thus, the performance of the SCE (resp., WSCE)
is likely to be in between the known and unknown case.

Comparison estimators. For comparison, we considered the initial value estimator (IVE),

(14) Σ̂IVE
t = Σ

(︁
σ̂t , α

(0), β(0), δ(0))︁,
where (α(0), β(0), δ(0)) are determined from the initialization step.

We also computed Pearson’s correlation matrix estimator as well as the Ledoit–Wolf es-
timator (Ledoit and Wolf (2004)), an estimator that uses factor models (Zhou and Palomar
(2024)), where the number of factors was chosen to be equal to the number of variables, and
the glasso estimator, an estimator for a sparse precision matrix, implemented in Galloway
(2018), where the hyperparameter is chosen using cross-validation.

Performance evaluation. To compare the performances of the different estimators, we com-
pare their mean absolute error (MAE) evaluated on the scale of the correlation matrix,

(15)
1

d2

d∑︂
i=1

d∑︂
j=1

⃓⃓
R⋆

i,j − R̄i,j

⃓⃓
,

where R⋆ denotes the true correlation matrix and R̄ denotes the estimated correlation matrix.

5.2. Settings within the model assumptions.

Description. In this section we compare the performance of the different estimators within
the model assumption, in both FSS with d = 200 and TFR with d = 195. We also study the
impact of external information on the parameters.

Results. The results are shown in Figure 3. In all settings, the WSCE, SCE, and the IVE
outperformed the other estimators. Since these three estimators are the only ones that can
take advantage of knowing μ and σ , they are the only ones that change between the known
and unknown cases. Knowing the parameters has little impact on the IVE but improves the
performances of both the SCE and WSCE. Thus, they outperformed the IVE in such a sce-
nario. In the unknown case, the one-step procedure seems to improve the performance of the
WSCE and SCE, though the improvement is rather minor. In particular, it seems that negligi-
ble bias is produced when applying the two-step instead of the one-step procedure. This result
is important for the case of the TFR dataset, since the two-step approach is used to estimate
its covariance matrix. Note that, whenever the mean and variance parameters are unknown,
the simple version of λ̂WSCE, λ̂U

WSCE, was unstable. Thus we used the parametric bootstrap to
calculate λ̂WSCE (see Appendix C of Metodiev et al. (2026) for more details).

5.3. Performance with varying dimensions of the data. We now describe the performance
of the WSCE for different values of d .
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FIG. 3. Boxplots of the mean absolute error (MAE) for the Pearson correlation matrix (Pearson), the estimator
that uses factor models (FM), the glasso estimator (Glasso), the Ledoit–Wolf estimator (LW), and the IVE, SCE,
and WSCE for 40 independent simulations. Estimators were evaluated in the fully simulated setting (FSS) and the
setting of the TFR dataset (TFR): Left: The case when the means and variances are known. Middle: The case when
they are unknown and estimated jointly with the other SCE parameters. Right: The case when they are unknown
and estimated by using the sample mean and variance. The errors of the IVE, SCE, and WSCE are the lowest,
with the SCE and WSCE outperforming the IVE when the means and variances are known.

Description. We consider the TFR setting with known mean and variance parameters. We
selected subsets of the data of sizes d = 14,32,65,115,195. These subsets are created by
cumulatively including countries in Southern and Middle Africa, Eastern Africa, Western
and Northern Africa, Asia, America, and all other countries, respectively.

Results. The results are shown in Figure 4. T = 11 was fixed, and 40 different datasets were
simulated independently for each value of d . The mean absolute error decreases with the
number of countries, d . This was expected due to the consistency in d of the parameters (The-
orem 4.4). In other words, adding more countries to the dataset improved the performance of
the WSCE. This effect prevailed—although much less pronounced—even in the case that the
mean- and variance parameters had to be estimated before computing the WSCE.

5.4. Performance under model misspecification and the presence of missing values.

Settings. Here we study the impact of model misspecification on our estimators. We replace
R by Rmiss in equation (13), where

Rmiss = ξR(α,β, δ) + (1 − ξ)R̃,

with ξ ∈ [0,1], R(α,β, δ) denoting the correlation structure from the TFR setting and R̃

being simulated using an additional matrix Fmiss from the FSS setting, which is not given to
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FIG. 4. Boxplots of the mean absolute error (MAE) of the WSCE with different values of d , repeated for 40
independent simulations in the case that the means and variances are known and in the case that the means
and variances are unknown and have to be estimated. The values of d correspond to the number of countries in
the following regions (added cumulatively): Southern and Middle Africa, Eastern Africa, Western and Northern
Africa, Asia, and America, the remaining countries in the dataset.

the model. Thus, the model assumptions hold when ξ = 0, and the correlation structure does
not depend on the observed covariates when ξ = 1.

In the TFR dataset, the values of the standardized errors are missing for countries that have
not yet entered phases II or III of the model of Alkema et al. (2011a). Thus, in this scenario
we consider two settings: one without missing values and the other one with missing values.
In the latter scenario, we set the values of Yt that were missing in the TFR dataset to be
missing. The IVE, SCE, and WSCE need to be adapted under the presence of missing values.
The corresponding procedure is described in Appendix E (Metodiev et al. (2026)).

Results. The results are shown in Figure 5. Ten independent datasets were simulated for
each value of ξ , and estimators were evaluated on the scale of the correlation matrix. The
SCE and the WSCE perform similarly and outperform the other estimators in the scenarios
that are not too far away from the model assumptions. As expected, the performances of both
the SCE and the WSCE deteriorate when the value of ξ increases, meaning that the scenario
gets further away from the model assumptions. However, when the scenario is very different
from the model assumptions (ξ > 0.5), the WSCE outperforms the SCE and performs at least
as well as the other estimators.

5.5. Sensitivity analysis of the assumption of multivariate normality.

Settings. To show how our estimators perform in the case that the data are non-Gaussian,
we simulate from a truncated multivariate t-distribution. The t-distribution is truncated at 0
such that all simulated values are positive, since the definition of the TFR makes negative
values impossible. The degrees of freedom of this distribution are varied between 10, where
the t-distribution is quite far away from a normal distribution, and 1,000, where they are fairly
similar.

Results. The results are shown in Figure 6. Forty independent datasets were simulated for
each value of the degrees of freedom, and estimators were evaluated on the scale of the
correlation matrix. In a way, these results mimic the results from the previous section. While
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FIG. 5. Boxplots of the mean absolute error (MAE) of the Pearson correlation matrix (Pearson), the Ledoit–
Wolf estimator (LW), the estimator that uses factor models (FM), the glasso estimator (Glasso), IVE, SCE, and
WSCE, for ξ = 0,0.1, . . . ,0.9,1. Ten independent simulations were calculated by adding additional structure to
the correlation, which is unknown and randomly simulated. At ξ = 1, the correlation structure does not depend
on the observed covariates: Full: No missing values. Missing: Values that were missing in the original dataset
were also set to be missing. The results do not change much between these two settings. This indicates that the
missing-value imputation used is quite robust.

the SCE performs well when the distribution of the the data is close to a multivariate normal,
it is struggling when this distribution is farther away. The IVE, however, does not suffer
from this problem. This is not surprising, since the construction of the IVE only makes use
of the correlation structure of the data but does not require the data to follow any specific
distribution, as long as its correlation structure is accurately specified. It follows that the
IVE is a semiparametric estimator and thus not impacted by the change in distributions. The
WSCE captures the fact that the distribution of the data is misspecified and thus stays close
to the other covariance matrix estimators, not suffering from the same shortcomings as the
SCE. Overall, when comparing all settings of the simulation section, we can thus conclude
that the WSCE outperformed or showed similar performance to all of the other estimators in
the vast majority of those settings.

6. Covariance estimates for the TFR dataset. In this section we will study the TFR
dataset. We start by describing the data in detail. Then we calculate our estimators with and
without interaction terms, and we finish by performing model selection.

6.1. TFR data description. As described in Section 3.1, we want to estimate the covari-
ance matrix of the total fertility rate (TFR) for 195 countries. Since we are in a Markov model
with dependent observations, we estimate the covariance matrix of the TFR conditional on
its preceding values, where the covariance matrix can vary with time. We assume that we are
in the model described by equation (5).

We used the estimates of Fosdick and Raftery (2014) for the mean- and standard deviation
vectors in the setting of Alkema et al. (2011a), meaning that it was assumed that

μt,j = Yt−1,j − μ̃(θj , Yt−1,j ), σt,j = σ̃ (θj , Yt−1,j ),
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FIG. 6. Boxplots of the mean absolute error (MAE) of the Pearson correlation matrix (Pearson), the Ledoit–
Wolf estimator (LW), the estimator that uses factor models (FM), the glasso estimator (Glasso), IVE, SCE, and
WSCE, for varying degrees of freedom of the trunacted multivariate t distribution. Forty independent simulations
were calculated by sampling from this truncated multivariate t-distribution. At 1,000 degrees of freedom, this
distribution is quite close to a normal distribution; at 10 degrees of freedom it is much further away.

during phase II and that during phase III

μt,j = 2.1 + 0.8859(Yt−1,j − 2.1), σt,j = 0.1016.

Here μ̃ describes a double logistic function, and σ̃ denotes the corresponding standard devi-
ation function, which depend on a vector of parameters θ = (θ1, . . . , θd). Note that this vec-
tor is not estimated directly but via a Bayesian hierarchical model with 15 hyperparameters
(Alkema et al. (2011b)). Estimates of the standard deviation and mean vector were computed
by simulating an MCMC sample and averaging over the parameter-specific forecast errors.
These estimates were used to normalize the data and obtain the standardized residuals, to
which our method will be applied.

Let us recall that, in the model described by equation (5), the data (Y1, . . . , YT ) denotes
the TFR at time 1, . . . , T . We fit the model described in equation (9) with

(16) R(α,β, δ) = αAFA + αBFB + αCFC + δDΓ(βD)−1 + αEId,

where (FA)i,j , (FB)i,j are equal to 1 if country i and j have the same common colonizer or
belong to the same U.N. region, respectively, (FC)i,j is always 1, and Γ(βD) is described by
equation (6).

Selected countries. Vanuatu was reportedly colonized by two countries. This nonunique
cluster membership could be modeled by splitting the common colonizer covariate into multi-
ple distinct covariates for each respective cluster. However, this would unreasonably increase
the number of parameters that we would need to estimate. Thus, we removed the correspond-
ing variable and worked with the remaining d = 195 countries.

Missing values. We aim at estimating the covariance matrix for country pairs where both
countries have entered either phase II or III of the model of Alkema et al. (2011a). The
TFR values of the countries that are still in phase I are thus treated as missing values. As
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TABLE 1
The number of countries in phase I of the model of Alkema et al. (2011a) for each of the successive five-year
periods used in the TFR dataset. They are decreasing from the period 1950–1955, during which all countries

were in phase I, to the period 2005–2010, during which all countries are no longer in phase I

5-year period 1950–1955 1955–1960 1960–1965 1965–1970 1970–1975 1975–1980
Countries in phase I 196 121 98 74 56 35

5-year period 1980–1985 1985–1990 1990–1995 1995–2000 2000–2005 2005–2010
Countries in phase I 26 7 4 2 0 0

time passes, more countries go from phase I to phase II. Thus, the number of missing values
changes between the observations. We give the number of countries that are in phase I at each
time period in Table 1. The values of the standardized errors εt,j , which are used to estimate
the covariance matrix, are assumed to be missing at random everywhere. Thus, covariance
estimation is appropriate on the marginal distribution of the nonmissing values (Rubin (1976),
Seaman et al. (2013)).

REMARK 6.1. We assume that the standardized residuals are missing at random every-
where. This assumption should be fulfilled approximately, since these standardized residuals
are approximately independent from the fitted values, which roughly determine the start of
phase II. The start of phase II is determined deterministically by first identifying the local
maximum within 0.5 absolute distance below the global maximum of the TFR values, setting
it as the start of phase II if it is above 5.5, and setting the first observation of the dataset to
the start point otherwise (Alkema et al. (2011a)).

6.2. Covariance without interaction. In this section we compute the SCE by estimating
the parameters of equation (16).

Impact of the covariate. We introduce the concept of average effects to compare the effects
of the different covariates in the model. The average effect of a covariate is the average
correlation in the data that is due to this covariate. For direct effects this corresponds to
the value of the linear coefficients (“common colonizer,” “same region”). For the contiguity
effect, we take the overall mean effect of country pairs which are direct neighbors of each
other,

ηcontig = 1∑︁
i≠j Mi,j

∑︂
i≠j s.t. Mi,j=1

δDΓ(βD)−1
i,j .

REMARK 6.2. ηcontig is not equal to δD because, contrary to the values of FA or FB ,
Γ(βD)−1

i,j is not always equal to 0 or 1.

The rationale is that if one adds all the pertinent coefficients for a given covariate, one gets
the mean of the correlations for data points that have this covariate in common. For instance,

αB + ηcontig

gives the mean of the estimated correlations of countries that are neighbors and in the same
region, but not with the same colonizer.

The estimated average effects are given in Table 2. Since we model the correlation- and
not the covariance matrix of the TFR, the average effects are directly interpretable: they vary
between 0 (no correlation) and 1 (full correlation). In our specific case, we can see in Table 2
that the contiguity effect explains most of the correlation captured by the model, with an
average correlation of 0.162, while the common colonizer effect is comparatively small, with
an average effect of 0.038.
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TABLE 2
Average effects of the model in which all effects are included.

All effects were rounded to the third decimal place

comcol sameRegion intercept contig

avg. effect 0.038 0.044 0.06 0.162

6.3. Interaction effects and model selection. We can see in Table 2 that at least two ef-
fects needed to overlap for countries to have a correlation higher than 0.2. This was not the
case in Fosdick and Raftery (2014), where, for example, the contiguity effect alone accounted
for a correlation of 0.26 for all country pairs with TFRs below 5. We wanted to check if there
were interaction effects. Indeed, the neighborhood effect, for instance, may be different if
you are in the same region or not.

Thus, in addition to the intercept, “common colonizer,” “same region,” and the spatial ef-
fect, we add their interactions by adding random effects with correlation matrices equal to the
Hadamard product of the correlation matrices of the individual effects. Martini et al. (2020)
do that with covariance matrices, but since we separate the variance from the correlation
matrix estimation, we use correlation matrices instead.

We can include up to three interaction effects, with correlation matrices

FA,B = FA ⊙ FB, common colonizer and same region effect,

FA,D = FA ⊙ Γ(βD)−1, common colonizer and spatial effect,

FB,D = FB ⊙ Γ(βD)−1, same region and spatial effect.

This gives up to eight effects. We select which effect we should include by computing
the BIC for each of the possible 128 = 28 models. However, we exclude interaction effects
whenever one of their individual component effects is excluded. This reduces the scope of
our model selection to 35 models; the results of which are plotted in Figure 7.

The BIC was centered in the base model described in equation (16). Interestingly, the only
models with a better (lower) BIC than the base model are the ones that do include interaction
effects. This is in agreement with Fosdick and Raftery (2014), which kept all these effects
but did not try to add interactions. The model with the lowest BIC is the model that includes
all but one interaction effect, the effect that accounts for the interaction between “common
colonizer” and the “same region” effect.

Just as for the previous model, we compared the average effects in this model. For inter-
actions between direct effects (common colonizer and same region), the average effect is the
coefficient αA,B . For interaction effects that involve the contiguity effect, we take the mean
effect of all pairs of countries that are neighbors and in the same region (resp., have the same
colonizer),

ηcontig,B = 1∑︁
i≠j (FB ⊙ M)i,j

∑︂
i≠j s.t. Mi,j=1 & (FB)i,j=1

αB,D

(︁
FB ⊙ Γ(β̂SCE)−1)︁

i,j .

Table 3 gives the average effects of the selected model. Effects are much higher when two
attributes overlap. This shows that the correlation is particularly high if the contiguity and
either the common colonizer or the same region effect applies.

The correlation matrix obtained with these coefficients is plotted in Figure 8. Except for
some clusters of countries, the TFRs of two countries are mostly estimated to not be highly
correlated, given their previous TFRs.
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FIG. 7. On the y-axis: Values of the BIC for all 35 models tested; the BIC is centered such that the model which
includes all but interaction effects shows a value of 0; squares that were crossed out indicate effects that are not
included in their respective model. On the x-axis: Different average effects; we can see that only models which
include interaction effects have a lower BIC than this model; the model with the lowest BIC set only the combined
effect of the “regional” and “common-colonizer” covariates to 0.

To check if we do not miss correlations that may come from an effect that is not included
in the model, we computed the WSCE. However, it was equal to the SCE. In our simulation
settings, this corresponds to the case where our model assumptions were correct. Thus, we
can find no evidence against our model assumptions.

7. Discussion. We introduced the structured covariance estimator (SCE) and the
weighted structured covariance estimator (WSCE), estimators for large covariance matri-
ces in the presence of pairwise covariates. We showed consistency and asymptotic normality
of these estimators in the dimension of the data and in the number of data points and gave
a procedure for estimating their confidence regions, under mild assumptions. Furthermore,
we tested our estimators in scenarios in which some part of our model was misspecified,
where the WSCE performed well. We applied the WSCE and SCE to estimate the covariance
matrix of a model for the total fertility rate (TFR) used by the United Nations (U.N.) for 195
different countries. Our results could be used by the U.N. to better adjust their prediction
intervals for forecasting regions consisting of multiple countries, since these were too narrow

TABLE 3
Average effects of the model chosen in Figure 7 in which all effects and their interactions, but the interaction of

the “common colonizer” and the “same region” effect, are included. All effects but the regional effect were
rounded to the third decimal place

comcol sameRegion intercept contig comcol and contig sameRegion and contig

avg. effect 0.008 1e−06 0.061 0.046 0.218 0.145
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FIG. 8. A heatmap of the correlation matrix calculated from the WSCE (diagonal entries were set to 0 to im-
prove the visualization); on the x-axis: colonizers (“comcols”, countries with no colonizer were set to belong to
colonizer “.”); on the y-axis: regions; countries are particularly correlated if they are close to each other and are
either in the same region or share the same common colonizer. The matrix was sorted using the order given by
hierarchical clustering with the ward distance on the dissimilarity matrix 1 − R̂WSCE, using the option “h-clust”
in the “corrplot” package (Wei and Simko (2021)). A .html file with the labels of the individual estimates is pro-
vided under the following link.

in previous projections (Fosdick and Raftery (2014)). In addition, the estimates themselves
provide information, showing that two countries’ standardized residuals are highly correlated
if they are neighbors and either shared the same common colonizer after 1945 or are in the
same region.

https://github.com/m-metodiev/SCE/blob/main/Codes/html/correlation_estimates.html
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We incorporated pairwise information into the covariance matrix estimation by modeling
the standardized errors as a sum of weighted and standardized random effects. A very differ-
ent approach from ours would be to penalize the estimator of the covariance matrix directly.
This was done by Liu, Wang and Zhao (2014) and in a Bayesian way by Azose and Raftery
(2018), both of which use a weight matrix to penalize individual matrix entries. However,
this requires direct estimation of all parameters of the covariance matrix, of which there are
195×194/2 = 18,915 in our case. We do not need to do this in our model, where we only re-
quire efficient estimation of a small number of parameters. In fact, Azose and Raftery (2018)
pointed out that the high dimension of their parameter space made it impractical for them
to carry out a MCMC simulation in their Bayesian setting. In contrast, an extension of our
method to the Bayesian paradigm would be straightforward, since we only need to simulate
a vector of dimension 6. Combining this with the number of parameters that needed to be
estimated in the model of Alkema et al. (2011a), we get 18 + 6 = 24 parameters needed for
estimation, which is well below the total number of 195 × 11 = 2,145 (number of rows ×
number of columns of the dataset) individual data points.

The initial value of our estimator, the IVE, performed well in our simulation study. The
WSCE is an asymptotically optimal interpolation between the SCE and the Pearson corre-
lation matrix, as long as the underlying distribution of the data is Gaussian. However, if the
distribution is very different from a Gaussian distribution, it might perform suboptimally. In
this case, one could instead use a linear interpolation between the IVE and the Pearson corre-
lation matrix, since the IVE is consistent and asymptotically normal if our correlation struc-
ture holds, but the data are non-Gaussian. In the specific case of the TFR dataset, we decided
to make use of the assumption of multivariate normality of the data, since the validity of this
model has been checked thoroughly in Alkema et al. (2011a), where the estimation approach
based on this model performed well in terms of out-of-sample predictive performance.

Another assumption of our approach is the time-independence of the correlation matrix.
For the TFR dataset, this model has been validated by Fosdick and Raftery (2014), since they
showed that the inclusion of the selected time-independent covariates gives more precise pre-
diction intervals than the current model of Alkema et al. (2011a)—the purpose for which this
estimator was built. While we are not aware of any other time-independent covariates that
could be used to improve our predictions, the choice of using time-independent covariates
instead of time-dependent covariates is still largely prescriptive rather than data-driven. This
choice may well lead to an incomplete description, since it is well known that time-dependent
covariates, such as the unemployment rate, influence the TFR. On one hand, the primary use
of our estimates is the inclusion of these estimates in TFR projection that span multiple time-
periods, usually multiple decades. The inclusion of time-dependent covariates, or in general
any exogenous variables, into models that create such projections is problematic (see De Beer
(2000) for a review). This is because a projection of the TFR using time-dependent covariates
would require the projection of the covariates themselves, which could be quite difficult due
to the uncertainty associated with these covariates. For example, the unemployment rate is
a covariate that certainly does have an impact on the TFR, but may well be much harder to
predict than the TFR itself. This is why we excluded time-dependent covariates and only in-
cluded time-independent covariates, since these covariates do not need to be estimated when
making future projections. Note that this choice is standard not only in the TFR projections
of Alkema et al. (2011a) and Fosdick and Raftery (2014) but also in projections of demo-
graphic variables in general, such as projections of life expectancy (Raftery et al. (2012))
and population (Raftery et al. (2013b)), in the sense that none of these projections include
time-dependent covariates into their respective model. On the other hand, time-dependend
covariates are somewhat included implicitly in our model due to the fact that the model is
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trained on TFR data from the past, which is itself influenced by such time-dependent co-
variates. Thus, the influence of these time-dependent covariates is partially captured by the
autoregressive part of our model.

There is also the question of whether we should be using the Pearson correlation matrix
in constructing the WSCE. We obtained decent results, even in scenarios far from our model
assumptions, but note that the Pearson correlation matrix is known to not behave well in
settings with small sample size and a high number of variables. Depending on the setting,
one can decide to use a more adapted estimator in the construction of the WSCE, such as the
Ledoit–Wolf estimator or Glasso, for instance.

A similar argument can be made for our mean- and variance estimators: we used the fact
that accurate estimates of the mean and variance of the data were already provided. This
is convenient, but not necessary. In cases where these estimates are not provided we rec-
ommend estimating the mean-, variance-, and correlation structure jointly if computation-
ally feasible. In our case the combination of the inference algorithm used for the original
model of Alkema et al. (2011a), which is a Bayesian hierarchical model that requires a high-
dimensional Markov chain Monte Carlo (MCMC) algorithm for parameter estimation, with
our algorithm, which is based on a frequentist approach that mainly requires gradient ascent,
is out of the scope of this article. Indeed, our article focuses on modeling the covariance
matrix via known pairwise and spatial covariates, not on the combination of frequentist and
Bayesian approaches for parameter estimation. However, we do believe that such a joint pa-
rameter estimation would indeed be more coherent conceptually and may well reduce the
bias created by using one model for the estimation of the mean and variance, and another
for the correlation structure. A creation of such a joint estimation procedure could thus be
interesting future work.

Finally, the WSCE could be adapted to very general settings such as generalized linear
models (GLMs), in a similar vein to Bonat and Jørgensen (2016).

The name of the WSCE refers to the fact that we have a weighted combination of corre-
lation structures defined via known covariates. It is not to be confused with techniques that
have similar names but only focus on the estimation of one given matrix structure, such as
Burg, Luenberger and Wenger (1983), Sun, Babu and Palomar (2016), Lopuhaä, Gares and
Ruiz-Gazen (2023).
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