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Abstract

We propose a methodology for computing marginal likelihoods for block models. The proposed estimator

computes the marginal likelihood from Markov chain Monte Carlo (MCMC) samples and is simulation-consistent,

even when the size of the dataset is fixed. Moreover, it is asymptotically normal, of finite variance, invariant to

label switching and can be computed efficiently, even for models with an arbitrarily large number of components.

We evaluate the method through simulation studies in settings where the true marginal likelihood is available

analytically. Finally, we apply the approach to a social network dataset based on the 2023 United Nations

Climate Change Conference (COP28) and discuss the resulting insights.
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1. Introduction

Networks, which are common across scientific disciplines, are often

analysed by looking for hidden structures or connectivity patterns. The

stochastic block model (SBM, Holland et al., 1983; Wang and Wong,

1987; Nowicki and Snijders, 2001) is a random graph model for node

clustering. It can handle heterogeneous structures such as communities

or star patterns (Daudin et al., 2008). However, classical methods, such

as likelihood-based methods, cannot be applied for inference in the SBM.

Indeed, it is generally not feasible to compute the likelihood function of

the SBM, since it involves a sum over all possible cluster configurations,

which grows exponentially with the size of the network.

One major unsolved problem for the SBM is the estimation of the

number of clusters. Many methods have been proposed (see Abbe, 2018;

Lee and Wilkinson, 2019; Peixoto, 2019, for reviews), but it is unclear

which of these should be used. An optimal choice from a Bayesian point

of view is the most likely model a posteriori, namely the model that

maximises the product of the marginal likelihood and the prior model

probability. This minimises the model selection error rate. In this paper,

we show how to estimate the marginal likelihood. To the best of our
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knowledge, this paper is the first to present an estimator that converges

to the marginal likelihood with an increasing number of simulations, even

when the size of the network is small.

More precisely, if Z(G) denotes the marginal likelihood and a prior

distribution Π(G) is given for the number of clusters, the value of G that

maximises the product Z(G)Π(G) minimises the model selection error rate

on average over Π (Jeffreys, 1961). Indeed, it has been shown that, under

a specific prior on the number of clusters, it leads to a strongly consistent

selection of this number. This is true in both dense and sparse regimes

and even if the number of clusters grows as the size of the network goes to

infinity (Cerqueira and Leonardi, 2020). However, the marginal likelihood

is itself an integral and a sum over the likelihood function times the

prior distribution, and hence not tractable computationally, necessitating

estimation.

The only marginal likelihood estimators that have been used to

estimate the number of clusters of the SBM that we are aware of are

based on asymptotic or variational approximations (see, e.g., Hofman

and Wiggins, 2008; Latouche et al., 2012, 2014; Aicher et al., 2015; Yan,

2016; Peixoto, 2017). Even though such assumptions are reasonable in

the limiting case in which the size of the network grows (Celisse et al.,
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2012; Mariadassou and Matias, 2015), there are no consistency results

about variational approximations that apply to finite data sizes, to the

best of our knowledge. One notion of consistency that is important

for marginal likelihood estimators is the notion that they should be

simulation-consistent, that is, that they should be able to compute the

marginal likelihood up to an arbitrary degree of precision via an increasing

number of simulations. While we know of no case of simulation-consistent

marginal likelihood estimators being used to estimate the number of

clusters of the SBM, there is a large literature on such estimators for

other models (see Friel and Wyse, 2012; Llorente et al., 2023; Li et al.,

2026, for reviews). Usually, these estimators are based on Markov chain

Monte Carlo (MCMC) samples from the posterior distribution, which can

in principle also be obtained for the SBM via Gibbs sampling (Nowicki

and Snijders, 2001). However, most of these estimation techniques also

require the evaluation of the likelihood function, and thus cannot be used

for the SBM.

This paper introduces the truncated harmonic mean estimator

(THAMES) for the SBM. The THAMES is a simulation-consistent

estimator of the marginal likelihood that does not require the evaluation

of the likelihood function. In addition, it allows the computation of
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approximate confidence intervals for the marginal likelihood, since it is

asymptotically normal and of finite variance, as the amount of simulations

increases. Finally, the THAMES is symmetric, which makes it invariant

to the problem of label switching, a central problem within the Bayesian

MCMC estimation of SBM parameters, which is explained in the next

section of this article. A R package implementing the THAMES is available

(Metodiev, 2026).

The THAMES can also be applied to the conceptually very similar

problem of model-based co-clustering, where the latent block model (LBM,

Govaert and Nadif, 2003) is the model of choice. Finding the right number

of clusters is also a particularly challenging issue in this setting (see

Biernacki et al., 2023, for a survey). While this article focuses on the SBM,

the construction of the THAMES is analogous for the LBM. A definition

of the THAMES for the LBM is given in the supplementary material.

An example where estimating the marginal likelihood is required in a

large but sparse network is given by a social network dataset related to the

2023 United Nations Climate Change Conference (COP28). This consists

of over 4 million posts on the social network X, with over a million nodes

and two million edges that were collected for this article. After reducing the

size of the network by preprocessing, the THAMES is used to determine
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and interpret the number of clusters within this network. This analysis

of the COP28 dataset is of practical relevance because it provides insight

into different clusters of users formed around a major international climate

event on a widely used social media platform. Thus, it can help identify

patterns of online engagement and the structure of different groups in the

diffusion of climate-related information.

The article is structured as follows. First, we introduce the SBM

(Section 2), and then define the THAMES marginal likelihood estimator

(Section 3). The THAMES is compared to state-of-the-art estimators

in simulation settings where the exact marginal likelihood is available

analytically (Section 4). It is then applied to the COP28 dataset (Section

5). A discussion of the results is in Section 6.

2. Marginal likelihood estimation for the stochastic block model

The stochastic block model

Let Y denote the dataset, which is a n× n binary adjacency matrix. The

SBM is defined in two steps: first, n unknown allocation vectors C1, . . . , Cn

are drawn according to a multinomial distribution with parameter τ ,

Ci|G, τ
i.i.d∼ MultinomG(1, τ),

G∑
g=1

Ci,g = 1, ∀i = 1, . . . , n.
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The allocation vector matrix C = (C1, . . . , Cn) is a n × G matrix, where

G ≤ n refers to the number of clusters. Then, each entry Yi,j of Y is

drawn independently according to a Bernoulli distribution with unknown

parameter chosen from the G×G matrix of connection probabilities µ,1

Yi,j |G, µ,Ci,gCj,k = 1 ∼ Ber(µg,k), ∀(i, j, g, k), i ̸= j.

Gibbs sampling is possible if the following prior distribution is used:

τ |G ∼ Dirichlet(G,n01, . . . , n
0
G), τ ∈ RG, (1)

µg,k|G ∼ Beta(a0g,k, b
0
g,k), µg,k ∈ (0, 1), ∀(g, k). (2)

Gibbs sampling (Nowicki and Snijders, 2001) can then be performed by

initialising a value of C (we do this by applying a k−means algorithm on

the rows of Y ) and then alternating between one draw from (µ, τ)|C, Y

and n draws from Ci|Y, τ, µ, C1, . . . , Ci−1, Ci+1, . . . , Cn. After a burn-in,

the resulting MCMC sample (τ (1), µ(1), C(1)), . . . , (τ (T ), µ(T ), C(T )) of size

T approximately follows the posterior distribution of (τ, µ, C). While

Gibbs sampling can in principle be performed for any value of the

1 This defines the adjacency matrix of a binary, directed graph with no self-loops. The
same methodology can be applied to the undirected version of the SBM, with minor
changes.
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hyperparameters (a0, b0, n0), we consider only values for which the prior

distribution is symmetric, in the sense that the distribution of C is not

affected by the labels of the parameters. This leads to the problem of label

switching that needs to be properly addressed.

Label switching

Label switching refers to a phenomenon occurring in Gibbs sampling

in which parameters simulated from the posterior distribution randomly

switch their labels. It results from the fact that different sets of labels lead

to different parameters, but do not change the distribution of Y given

these parameters. One main difficulty arising from label switching is the

fact that ergodic estimators, such as the arithmetic mean of the MCMC

sample, can exhibit high variance when applied to a sample with switched

labels due to the inherent multimodality of such a sample. In this article,

this problem is bypassed by a relabelling algorithm.

A relabelled sample C(1)⋆, . . . , C(T )⋆, whose labels are not switched,

can be obtained by applying the ECR algorithm (Papastamoulis and

Iliopoulos, 2010) to C(1), . . . , C(T ), which relabels C(1), . . . , C(T ) such

that the distribution of C(1)⋆, . . . , C(T )⋆ is approximately equal to the

distribution of a non-symmetric distribution. While originally introduced

for mixture models, it is also applicable to the SBM. Indeed, there is a
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variety of relabelling algorithms for mixture models (see, e.g., Stephens,

1997; Celeux et al., 2000; Marin et al., 2005; Nobile and Fearnside, 2007;

Rodŕıguez and Walker, 2014) that could be used for the SBM. We selected

this algorithm because it is available in a R package and because it acts

only on C(1), . . . , C(T ), not τ (1), . . . , τ (T ) or µ(1), . . . , µ(T ). While the latter

samples are available as a byproduct of Gibbs sampling, they are not

necessary to estimate the marginal likelihood, since they can be integrated

out, resulting in the collapsed prior and likelihood function.

Collapsed distributions of the SBM

The collapsed distribution of C and Y is defined via the collapsed prior

p(C|G) and the collapsed likelihood function p(Y |G,C), for which the

following expressions can be derived (see, e.g., Côme and Latouche, 2015):

p(C|G) =
∫
p(C|G, τ)p(τ) dτ =

Γ(
∑G

g=1 n
0
g)
∏G
g=1 Γ(ng)

Γ(
∑G

g=1 ng)
∏G
g=1 Γ(n

0
g)
,

p(Y |G,C) =
∫
p(Y |G,µ,C)p(µ)dµ =

G∏
k,g

Γ(a0g,k + b0g,k)Γ(ag,k)Γ(bg,k)

Γ(ag,k + bg,k)Γ(a
0
g,k)Γ(b

0
g,k)

,

where ng = n0g +
∑n

i=1Ci,g, ag,k = a0g,k +
∑n

i=1

∑
j ̸=iCi,gCj,kYi,j , as well

as bg,k = b0g,k+
∑n

i=1

∑
j ̸=iCi,gCj,k(1−Yi,j) and Γ is the gamma function.

The simple analytic form of this expression allows us to easily evaluate
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these functions on the MCMC sample C(1), . . . , C(T ), which is the basis of

our estimation procedure.

The purpose of this article is the estimation of

Z(G) =
∑
C

p(C|G)p(Y |G,C), (3)

the marginal likelihood of a stochastic block model with G clusters. We

now survey previous work which could be applied in this context.

Previous work

While we are not aware of any simulation-consistent marginal likelihood

estimators that were used to estimate the number of clusters of the SBM in

the literature, we did find marginal likelihood estimators for other, similar

purposes, that could be used for the SBM. All of these estimators can

be described in the framework of reciprocal importance sampling (RIS,

Gelfand and Dey, 1994).

For any density h, a RIS estimator is defined as

Ẑ−1
RIS(G) =

1

T

T∑
t=1

h(C(t))

p(Y |G,C(t))p(C(t)|G)
, (4)

where C(1), . . . , C(T ) are the MCMC draws from the posterior.
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RIS estimators are simulation-consistent and asymptotically normal

under standard conditions, due to the following theorem.2

Theorem 1 Suppose that h is a function such that
∑

C h(C) = 1.

If C(1), . . . , C(T ) is an ergodic Markov chain with limiting distribution

p(C|G, Y ), the posterior distribution of C given Y and G, then Ẑ−1
RIS(G)

almost surely converges to Z−1(G). If C(1), . . . , C(T ) is additionally ergodic

of degree 2, then
√
T (Ẑ−1

RIS(G) − Z−1(G)) converges in distribution to a

centred normal distribution.

However, RIS estimators are ergodic estimators, and hence susceptible

to the problem of label switching. This problem disappears if these

estimators are symmetric (i.e., invariant to changes of the labels of

C(1), . . . , C(T )), since the value of these estimators does not change when

label switching occurs.

One of the simplest symmetric estimators that can be derived from

Equation (4) is the harmonic mean estimator (Newton and Raftery, 1994),

Ẑ−1
HME(G) =

1

T

T∑
t=1

1

p(Y |G,C(t))
. (5)

2 The proof of this and any other theorem in this manuscript is given in the
supplementary material.
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It results from Equation (4) when choosing h(C) = p(C|G). A version

of this estimator was used by Legramanti et al. (2022) to estimate

the marginal likelihood in the infinite relational model. However, while

Equation (5) is simple and easy to compute, the harmonic mean estimator

can be very unstable, as noted by the authors (Newton and Raftery, 1994).

It is shown in the simulation section of this article that this lack of stability

also occurs in the case of the SBM.

A more stable symmetric estimator can be obtained by focusing on

a maximum a posteriori (MAP) estimator ĈMAP, which is an allocation

vector matrix within {C(1), . . . , C(T )} which maximises the unnormalised

posterior probability p(ĈMAP|G)p(Y |G, ĈMAP). Let AMAP denote the set

that contains ĈMAP and all of its label switched versions. Choosing h to be

the uniform distribution on AMAP results in the ChibPartition estimator

Ẑ−1
ChibPartition(G) =

1

T

T∑
t=1,

C(t)∈AMAP

1/G!

p(C(t)|G)p(Y |G,C(t))
(6)

as suggested by Hairault et al. (2022)3 in the case of mixture models, who

also showed how their estimator can be computed in time O(T ). A version

of this identity was also used by McDaid et al. (2012) in the case of the

3 The expression that we give for this estimator is equivalent to the one given by
Hairault et al. (2022), as shown in the supplementary material.
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collapsed stochastic block model in which G was not fixed, but random

and sampled via a MCMC algorithm.

While extremely stable when the posterior probability of AMAP is close

to one, the performance of the ChibPartition estimator deteriorates when

this probability approaches zero. In this case, most terms in the above sum

are 0, and the remaining terms are very large, since they are proportional

to the reciprocal of the posterior probability of AMAP, thus resulting in a

high variance. In the COP28 dataset we considered, the sample from the

posterior distribution had no repetitions, thus implying an extremely

small posterior probability of AMAP. A choice of h that is more adapted

to the posterior probabilities of the allocation vectors can be constructed

by a variational approximation.

Hajargasht and Woźniak (2020) suggested setting h equal to the

approximate posterior distribution of the parameters, derived in a

variational setting which is similar to the setting of the SBM. There does

exist a variational approximation of the posterior distribution of C, which

is given by a multinomial distribution (Latouche et al., 2012). Thus, one

possible choice would be

h̃(C) =
n∏
i=1

MultinomG(Ci; 1, ẑi), (7)
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where the posterior distribution ẑi of Ci is estimated from the MCMC

sample. This can be done by splitting the MCMC sample, such that ẑi

is computed via an estimator that acts on the first half of the relabelled

sample. This estimator, derived from Laplace’s succession rule (Robert,

2007), is given by

ẑi,g =
1 +

∑T/2
t=1 C

(t)⋆
i,g

2 + T/2
, (8)

where C(1)⋆, . . . , C(T )⋆ denote the relabelled MCMC draws, while the

marginal likelihood estimator is computed on the second half. However,

this estimator is subject to label switching, since h̃ is not symmetric.

Symmetry can be restored by averaging over all possible permutations

P1, . . . , PG! of the labels of C(1), . . . , C(T ), as suggested by Berkhof et al.

(2003) in the case of mixture models. This follows from the fact that

changing the order of a sum does not change its value, and hence switching

the labels of a permutation-averaged estimator does not change its value

either. For example, adding one estimator computed on the label (1,2) to

the same estimator computed on the label (2,1) is the same as adding this

estimator computed on (2,1) to itself computed on (1,2). Mathematically,
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the permutations can be expressed as

Po(C)i,g =


1 Ci,So,g = 1,

0 else,

∀o = 1, . . . , G!,∀i = 1, . . . , n, ∀g = 1, . . . , G,

with S = (S1, . . . , SG!) denoting a matrix of all different orderings of

the vector (1, . . . , G). Restoring symmetry by averaging results in the

variational Bayes reciprocal importance sampling (RISVB) estimator,

Ẑ−1
RISVB(G) =

1

G!

G!∑
o=1

1

T/2

T∑
t=T/2+1

h̃(Po(C
(t)))

p(C(t)|G)p(Y |G,C(t))
. (9)

This estimator has the added benefit of using the variational

approximation of the SBM, which is known to be quite accurate, while

still being simulation-consistent even when this variational approximation

does not hold exactly. However, the RISVB estimator is computationally

costly, as the number of possible permutations grows superexponentially

with the number of clusters G. Even a medium number of clusters such

as G = 15 leads to 15 factorial (over 1 trillion) permutations. Hence,

this estimator is unsuitable for the COP28 dataset, where the number of

clusters may well surpass 15.
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An estimator that computes a sum over all permutation functions

efficiently even when the number of clusters is large was presented in

Metodiev et al. (2025a) for mixture models. The central idea of this

estimator was to use results based on the normal approximation to the

posterior, presented in Metodiev et al. (2025b). However, this estimator

is not appropriate for the SBM because it requires the evaluation of the

untractable likelihood function and because the normal approximation of

the posterior is not applicable to the posterior distribution of C due to its

discrete nature. Therefore, the work of Metodiev et al. (2025a) is of no

interest in the SBM context.

3. Truncated harmonic mean estimation for the stochastic block model

The solution found and presented in this article consists in combining

the uniform density of the ChibPartition estimator with the variational

approximation used to construct the RISVB estimator to obtain the

truncated harmonic mean estimator (THAMES) for the SBM:

Ẑ−1
THAMES(G) =

1

G!

G!∑
o=1

1

T/2

T∑
t=T/2+1

Po(C
(t))∈A

1/|A|
p(C(t)|G)p(Y |G,C(t))

.

Here, A denotes a finite set and |A| denotes its size.
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The THAMES is

• simulation consistent and asymptotically normal under standard

conditions (Theorem 1),

• symmetric and thus unaffected by label switching,

• and efficiently computed, using techniques presented later.

The truncation set A that defines the THAMES is chosen via the

variational approximation used in the definition of the RISVB. In the

remainder of this section, it is first shown how to compute such an optimal

A. Then, it is explained how the shape of A allows for efficient computation

of the THAMES. Finally, the special case of empty clusters is addressed.

3.1. Choosing A

Due to the following theorem, out of all symmetric choices of A, the

variance of the THAMES is minimised by a highest-posterior-density

(HPD) region Hα = {C : p(Y |G,C)p(C|G) > qα} under fairly mild

conditions, where qα ∈ R is the largest constant for which Hα has a

posterior probability of at least α.

Theorem 2 Let C(T/2+1), . . . , C(T ) ∼ p(C|G, Y ) be an independent

sample from the posterior distribution. If no two allocation vector matrices

have the same probability (up to permutations), meaning that for any two
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allocation vector matrices C1, C2,

p(C1|G, Y ) = p(C2|G, Y ) ⇒ ∃o ∈ {1, . . . , G!} : Po(C
1) = C2,

then there exists an α ∈ (0, 1] such that the variance of Ẑ−1
THAMES(G),

conditional on Y , is minimised over all symmetric sets by Hα. A set A is

symmetric if, and only if the image Po(A) = A for all o ∈ {1, . . . , G!}.

Remark 1 The main conditions on the distribution of C(T/2+1), . . . , C(T )

are the condition that C(T/2+1), . . . , C(T ) independently follow the

posterior distribution and that there are no ties, in the sense that no

two values have the same probability (up to a permutation of the labels,

which do not change this probability). This first condition is usually not

satisfied exactly, though it may be satisfied approximately when a large

burn-in is used and when the sample from the posterior is heavily thinned.

The second condition depends on the dataset, and we conjecture that it is

usually satisfied for sufficiently large and/or complex datasets. It should,

however, be emphasised that these two conditions are not needed to prove

simulation-consistency and asymptotic normality of the THAMES, which

follows from Theorem 1.
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One can check if C(t) ∈ Hα by computing p(Y |G,C(t))p(C(t)|G). The

value of qα can be found approximately by taking the empirical (1 − α)-

quantile of p(Y |G,C(t))p(C(t)|G), 1 ≤ t ≤ T . However, the size of Hα

is needed to compute the THAMES, and we know of no simple way to

compute this size in general.

A set whose size is easily computed is given by the Cartesian product

EĈ,r̂ = {Ĉ(1)
1 , . . . , Ĉ

(r̂)
1 } × · · · × {Ĉ(1)

n , . . . , Ĉ
(r̂)
n }, 1 ≤ r̂ ≤ T/2.

To approximate a HPD region, Ĉ = (Ĉ(1), . . . , Ĉ(r̂)) are chosen from

the first half of the relabelled MCMC sample based on their posterior

probabilities p(Y |G, Ĉ(t))p(Ĉ(t)|G), 1 ≤ t ≤ r̂. If the variational

assumptions hold, i.e., if the posterior distribution is defined by the

parameters ẑ via Equation (7), and under some additional assumptions

on the concentration of ẑ and EĈ,r̂, the variance of the THAMES can

easily be minimised with respect to r̂ when EĈ,r̂ is chosen as a truncation

set, as shown in the supplementary material.

The specific shape of EĈ,r̂ is convenient because the number of its

elements is easily computed by taking the product of the number of

elements of each set. However, this set can be suboptimal, for example

when the variational assumptions do not hold. To remedy this, EĈ,r̂
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is combined with the HPD region by taking the intersection BĈ,r̂,α =

EĈ,r̂ ∩ Hα. This set is more robust to violations of the variational

assumptions, since it approximates Hα and the optimality results which

we showed with regards to Hα do not rely on these assumptions. The

size of BĈ,r̂,α is also easily approximated via a Monte Carlo approach,

by independently sampling η(1), . . . , η(T ) from the uniform distribution on

EĈ,r̂ and by calculating

̂|BĈ,r̂,α| =
1

T

T∑
t=1

η(t)∈Hα

|EĈ,r̂|.

Thus A = BĈ,r̂,α is used to define the THAMES for the SBM. Its control-

parameter α is chosen empirically, by selecting a grid on (0, 1], computing

the sample variance of the THAMES for each value of the grid, and by

setting α such that the variance corresponding to its grid value is minimal

(see the supplementary material for details on the grid selection). Note

that, for a fixed value of α, the THAMES is equal to a RIS estimator

multiplied by
̂|B
Ĉ,r̂,α

|
B
Ĉ,r̂,α

, which almost surely converges to a constant. Hence,

simulation-consistency and asymptotic normality still hold by Slutsky’s

theorem.
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3.2. Calculating the THAMES for the stochastic block model efficiently

In Metodiev et al. (2025a), it was shown that sums over permutations

of a truncated estimator can be computed efficiently if an appropriate

ordering of the parameter space is used. This approach will be extended to

allocation vectors by identifying a lexicographical ordering of the columns

of any allocation vector matrix C from the second half of the MCMC

sample, C ∈ {C(T/2+1), . . . , C(T )}. Since there are G columns of C, it

suffices to choose G rows to define such an ordering. Let υ = {υ1, . . . , υG}

be the set of size G that defines these rows and let ψυ(C) denote a

lexicographical ordering, in the sense that it is the unique permutation

of the columns of C for which

min{i ∈ υ : ψυ(C)i,1 = 1} > · · · > min{i ∈ υ : ψυ(C)i,G = 1}. (10)

For example, in the case that G = 2, n = 2 and υ = {1, 2},

(ψυ(C)i,1, ψυ(C)i,2) =


(Ci,1, Ci,2) min{i : Ci,1 = 1} > min{i : Ci,2 = 1}

(Ci,2, Ci,1) else.

Let Ω be equal to an index set that includes all permutations for which

Po(ψυ(C
(t))) ∈ BĈ,r̂,α for some value of T/2 + 1 ≤ t ≤ T . Due to the
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following theorem, this set can be used to drastically reduce computation

time.

Theorem 3 If there are no empty clusters on the second half of the

MCMC sample, in the sense that the event
∑n

i=1C
(t)
i,g = 0 does not occur

for any value of T/2 + 1 ≤ t ≤ T and 1 ≤ g ≤ G, the THAMES is equal

to

Ẑ−1
THAMES(G) =

1

G!

∑
o∈Ω

1

T/2

T∑
t=T/2+1

Po(ψυ(C
(t)))∈A

1/|A|
p(C(t)|G)p(Y |G,C(t))

. (11)

Remark 2 Equation (25) simplifies the computation of the THAMES,

since it implies that only a sum over Ω needs to be computed, whose size is

usually equal to one in our experience, instead of a sum over {1, . . . , G!},

whose size grows superexponentially with G.

The small size of Ω can be explained as follows: while there may be a

certain amount of uncertainty concerning the cluster assignments of some

nodes, most clusters have the property that there exists at least one node

to which they are assigned with posterior probability close to one. We

need only sum over G̃! many permutations, where G̃ denotes the number

of clusters which do not have this property. More precisely, setting υg =

argmaxiẑi,g for all g ∈ {1, . . . , G} allows a particularly simple choice of Ω.
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This choice is obtained using the following selection rule. If Po permutes

the label of a cluster g for which there exists a node i satisfying Ĉ
(1)
i,g =

· · · = Ĉ
(r̂)
i,g , where Ĉ(1), . . . , Ĉ(r̂) are the allocation vector matrices used

to define the THAMES truncation region, then o /∈ Ω; otherwise, o ∈ Ω.

Thus, |Ω| = G̃!, where G̃ denotes the number of clusters g for which no

node i exists which fulfils the above equation. As mentioned above, it is

usually the case that G̃ is equal to zero in our experience. if there are no

empty clusters in the second half of the MCMC sample. Luckily, the case

of empty clusters can be easily sidestepped.

3.3. Dealing with empty clusters

An empty cluster occurs in the second half of the MCMC sample whenever∑n
i=1C

(t)
i,g = 0 for some value of 1 ≤ t ≤ T and 1 ≤ g ≤ G.

Let p0(G) denote the posterior probability that cluster G is empty. We

use the following theorem, which was proven in Nobile (2004, 2007) for

mixture models, but which also holds for the SBM.

Theorem 4 If the prior on the SBM parameters is given by Equations

(1) and (2), then

Z(G) = Z(G− 1) · 1

p0(G)
·
Γ(
∑G

g=1 n
0
g)Γ(n+

∑G−1
g=1 n

0
g)

Γ(
∑G−1

g=1 n
0
g)Γ(n+

∑G
g=1 n

0
g)
. (12)
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Table 1. parameters of the three different scenarios; λ is varied between 0.3 and 0.7 within the experiments

Communities Disassortative Mixing Disassortative Mixing
(symmetric) (asymmetric)

µ

(
λ 0.01

0.01 λ

) (
0.01 λ
λ 0.01

) (
0.01 0.01
λ 0.01

)
τ (1/2, 1/2) (1/2, 1/2) (1/2, 1/2)

Whenever an empty cluster occurs, one can thus simply estimate

p̂0(G) =
1

G

G∑
g=1

1

T

T∑
t=1

n∏
i=1

(1− C
(t)
i,g ),

and insert the THAMES estimate of the lower dimensional model

ẐTHAMES(G − 1) into Equation (26) whenever an empty cluster occurs

in the second half of the MCMC sample.

4. Experiments

To evaluate the performance of the THAMES, it is tested in simulation

settings in which the true value of the marginal likelihood is known. The

only settings in which the exact marginal likelihood can be computed

in a feasible amount of time are settings in which both the size of the

data n and the number of clusters G are very low. To this end, n = 10

and G = 2 are chosen, since the sum occurring in Equation (3) has only

Gn = 210 = 1024 terms in this case.



Simulation-consistent Estimation of the Marginal Likelihood for Block Models 25

−0.25

0.00

0.25

1000 2000 5000 10000
T

er
ro

r
Communities

0.0

0.2

0.4

1000 2000 5000 10000
T

er
ro

r

Disassortative Mixing
(symmetric)

0.00

0.25

0.50

0.75

1.00

1000 2000 5000 10000
T

er
ro

r

Disassortative Mixing
(asymmetric)

λ 0.3 0.4 0.5 0.6 0.7

Fig. 1: The error log(Z)− log(ẐTHAMES) of the logarithm of the THAMES
for 20 different datasets for each value of λ and for different MCMC
sample sizes T , as well as different scenarios (communities, symmetric
disassortative mixing, asymmetric disassortative mixing)

In this section and the next, we choose the hyperparameters a0g,k =

b0g,k = n01 = · · · = n0G = 1, since it has been shown that the posterior

distribution obtains near-optimal contraction rates in this case (Ghosh

et al., 2020). Three scenarios are considered, whose parameters are

described in detail in Table 1.

4.1. Evaluating the performance of the THAMES with increasing size T of the MCMC sample

For each value of λ ∈ {0.3, 0.4, 0.5, 0.6, 0.7}, 20 datasets were simulated.

Then, Gibbs sampling was performed with a burn-in of 2,000 to obtain a

MCMC sample of size T = 1, 000, T = 2, 000, T = 5, 000, and T = 10, 000,

respectively. The THAMES was computed for each dataset. The error

between the logarithm of the THAMES and the logarithm of the true
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Fig. 2: The error log(Z)−log(Ẑ) of the logarithm of the different estimators
(the THAMES, the RISVB estimator, the ChibPartition estimator, the
harmonic mean estimator and the ILvb estimator as well as its correction,
ILvbc) for 20 different datasets as well as different scenarios (communities,
symmetric disassortative mixing, asymmetric disassortative mixing)

marginal likelihood log(Z) − log(ẐTHAMES) is shown in Figure 1. The

results are in line with the fact that the THAMES is simulation-consistent,

since this error is decreasing as the number of simulations T increases, for

all simulation settings and all values of λ.

4.2. The THAMES compared to simulation-consistent and variational estimators

Since we are not aware of any other simulation-consistent marginal

likelihood estimators having been used in this setting, the THAMES

is compared to simulation-consistent marginal likelihood estimators that

were described and adapted to the SBM in this article. These are the

harmonic mean estimator (HME, Equation 5), the variational Bayes
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reciprocal importance sampling estimator (RISVB, Equation 9) and the

ChibPartition estimator (Equation 6). The performance of the THAMES

is also compared to a variational Bayes approximation of the marginal

likelihood, the ILvb (Latouche et al., 2012). In simulations, we observed

that the ILvb was biased by a factor roughly equal to G! because the

variational Bayes’ algorithm is known to focus on a single mode when

approximating the posterior distribution (Balocchi and Wade, 2025), so

we also compared the THAMES to a version of ILvb for which this bias

was corrected, denoted as ILvbc. We refer to the supplementary material

for details on the computation of these variational estimators.

The results are shown in Figure 2. Each estimator was computed

on a MCMC sample of size T = 10, 000, for 20 different datasets

independently simulated for each value of λ ∈ {0.3, 0.4, 0.5, 0.6, 0.7}. The

error of the logarithm, log(Z) − log(Ẑ), was plotted for each estimator.

Only the harmonic mean estimator did not converge in the case where

λ was high, likely because the variance of the harmonic mean estimator

is high when the posterior distribution is very different from the prior

distribution, and the posterior is much more concentrated than the prior

since it is concentrated around the true solution in this case. For the

variational estimators, the converse is true: while they approximate the
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Fig. 3: The error log(Z) − log(Ẑ) of the logarithm of the THAMES,
the RISVB estimator, the ChibPartition estimator, the harmonic mean
estimator and the ILvb estimator as well as its correction, ILvbc, for 20
different MCMC simulations on the same dataset; the values of ILvb and
ILvbc do not change since they are not calculated on a MCMC sample

marginal likelihood well when λ is large, presumably because variational

assumptions hold, they are clearly biased when λ is small, even when

taking into account the G! correction.

4.3. The THAMES compared to simulation-consistent and variational estimators on one specific

dataset

In most simulations, we observed that the posterior probability of the

maximum a posteriori estimator ĈMAP, an allocation vector matrix within

{C(1), . . . , C(T )} which maximises the unnormalised posterior probability

p(ĈMAP|G)p(Y |G, ĈMAP), was particularly high since there was one value

of the MCMC sample that repeated itself very often. However, in the case

of the COP28 dataset the posterior probability of the MAP is so low that

it does not repeat at all. To simulate this problem, we chose a dataset for
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which the posterior probability of the MAP is low (see the supplementary

material for details). The simulation-consistent estimators were computed

on 20 independent MCMC simulations based on this dataset. The error,

log(Z) − log(Ẑ), of the logarithm of the estimators is shown in Figure 3.

The THAMES clearly outperforms the other estimators because it is more

adapted to deal with this low probability setting. The ILvb and ILvbc

estimators are quite biased compared to the other estimators, with errors

of -6.77 and -6.08, respectively. Their errors do not change with different

MCMC simulations, since these estimators do not use these simulations

to approximate the marginal likelihood.

5. The COP28 dataset

The COP28 dataset contains 1,182,423 nodes (users) and 2,754,066

directed edges (quotes/reposts), which were extracted from an exhaustive

corpus of X data covering the full year of 2023. The corpus includes

all posts and reposts containing the exact string “cop28” or “#cop28”,

regardless of capitalisation and language. Since “cop28” was the widely

used label for the event, this query provides very strong coverage of the

related conversations on X. It should also be noted that, at the time of

data collection, Linkfluence, which provided this dataset, had full access

to the entire X Firehose (GNIP), ensuring exhaustive data collection.
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Fig. 4: A graphical representation of the COP28 dataset with 12 clusters,
using the ForceAtlas 2 algorithm (Jacomy et al., 2014) on the platform
gephi (Bastian et al., 2009)

Since the COP28 dataset is too large to allow fast computation with

our available processing power, we first decreased it to 10,979 nodes

and 74,826 edges by preprocessing steps explained in the supplementary

material, and then computed the THAMES from G = 2 to G = 20. It was

maximised for G = 12. Interestingly, this differs considerably from the

value that maximises the integrated complete data log likelihood (ICL,
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Biernacki et al., 2002; Daudin et al., 2008; Côme et al., 2021), a state-

of-the-art alternative to the marginal likelihood, which estimates G = 37

when using the greed package (Côme et al., 2021). It appears that the

clusters provided by maximising the ICL are quite fractured, with one

cluster even only containing one user (see the supplementary material for

a detailed comparison of these results with the results obtained by the

THAMES). A MAP estimate was computed on the sample with G = 12

clusters. The resulting clustering is visualised in Figure 4.

Cluster 11 has the interesting property that only 5 nodes (UN Climate

Change, Al Gore, COP28 UAE, Loss and Damage Collaboration (L&DC)

and António Guterres) are assigned to it and all other clusters tend

to quote or repost this cluster. Indeed, the only clusters that had a

higher probability of connecting to a cluster different from cluster 11 are

clusters 1 and 4, who tend to repost cluster 8. Remarkably, there is not

a single cluster for which the internal probability of quoting/reposting

itself is larger than the external probability of quoting/reposting another

cluster. Thus, we find the phenomenon of asymmetric disassortative

mixing defined in Table 1, where edges run heavily from one cluster to

another with no reciprocity, observed here at scale and on real data.

From a sociological point of view, it might be appropriate to classify these
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clusters as a ”public”. Publics are organised around shared attention to a

common object (see Ojala and Ripatti-Torniainen, 2024, for a review).

In this specific context, such attention is particularly centralised onto

five users. While a textual analysis may reveal a slightly more nuanced

picture (see the supplementary material), the topological identification of

clusters that focuses only on the repost/quote structure around the topic

of the COP28 indicates a strong core-periphery structure, with all but five

users at the periphery. While similar structures have been noted around

the social network X (Yang et al., 2018), this extreme structure seems

indicative of the domination of five central users of X’s landscape around

the COP28.

6. Discussion

We have introduced the THAMES for block models. To the best of

our knowledge, it is the first simulation-consistent marginal likelihood

estimator to be used to determine the number of clusters in the SBM or

LBM. It is asymptotically normal and can be efficiently computed, even

on a dataset with more than 10,000 nodes.

The THAMES for block models relies on the fact that the collapsed

distributions of the latent allocation vectors are available in a simple

analytic expression. As such, it can be applied to any block model that
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fulfils this condition (e.g., Kemp et al., 2006; Wyse and Friel, 2012;

Peixoto, 2017; Papamichalis and Ruane, 2026). Interesting future work

might be to create simulation-consistent marginal likelihood estimators

that do not need the collapsed distribution, but that can act on the

joint density of the discrete and continuous parameters, as suggested by

Biernacki et al. (2010); Tancini et al. (2025).

A different approach to ours would be to include a prior on the number

of clusters to directly sample from the whole posterior space (McDaid

et al., 2012; Newman and Reinert, 2016; Peixoto, 2017; Legramanti et al.,

2022). Even in this approach, it is still of interest to compute the marginal

likelihood for model comparison (McDaid et al., 2012; Legramanti et al.,

2022). The THAMES could be used to this end as well.
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Latouche, P., E. Birmelé, and C. Ambroise (2012). Variational Bayesian inference and complexity

control for stochastic block models. Statistical Modelling 12(1), 93–115. Publisher: SAGE



Simulation-consistent Estimation of the Marginal Likelihood for Block Models 37

Publications Sage India: New Delhi, India.

Lee, C. and D. J. Wilkinson (2019, December). A review of stochastic block models and extensions

for graph clustering. Applied Network Science 4(1), 122. Publisher: SpringerOpen.

Legramanti, S., T. Rigon, and D. Durante (2022). Bayesian testing for exogenous partition structures

in stochastic block models. Sankhya A 84(1), 108–126.

Li, A., P.-Y. Liu, Y.-B. Wang, A. Milkey, P. O. Lewis, and M.-H. Chen (2026). A comparison of Monte

Carlo based marginal likelihood estimators. Wiley Interdisciplinary Reviews: Computational

Statistics 18(1), e70058.

Lin, H. and T. Safi (2024, aug). ollamar: An r package for running large language models. PsyArXiv .

Llorente, F., L. Martino, D. Delgado, and J. Lopez-Santiago (2023). Marginal likelihood computation

for model selection and hypothesis testing: An extensive review. SIAM Review 65, 3–58.
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Supplement A: proofs

Please note that the proof in Supplement A1 requires standard conditions

on the convergence of the MCMC chain such as ergodicity. Supplement

A3 requires independence of the MCMC sample and the assumption

that there are no two points with exactly equal probabilities (up to

permutations), which are much stronger conditions. These conditions

can usually only be obtained approximately, for example by thinning

the MCMC chain. Supplement A4 requires even stronger conditions

on the variational assumptions and the concentration of the posterior

distribution. However, we would like to emphasise that the simulation-

consistency and asymptotic normality of the THAMES (and indeed any

RIS estimator) do not depend on these conditions and that the results in

Supplements A3 and A4 are only used to improve the speed of convergence

of our estimator, not to assure convergence itself.

A.1 Proving that RIS estimators are simulation-consistent and asymptotically normal

A RIS estimator is defined as

Ẑ−1
RIS(G) =

1

T

T∑
t=1

h(C(t))

p(Y |G,C(t))p(C(t)|G)
.
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The goal is to show that this estimator is simulation-consistent, i.e., that

Ẑ−1
RIS(G)

T→∞→ Ẑ−1(G), where convergence is to be understood in the sense

of almost sure convergence, and asymptotically normal, in the sense that
√
T (Ẑ−1

RIS(G)−Ẑ
−1(G)) converges in distribution to a normal distribution.

These results apply directly if the MCMC chain is ergodic, as shown

by Tierney (1994) for a more general case.

Theorem 1 Suppose that h is a function such that
∑

C h(C) = 1.

If C(1), . . . , C(T ) is an ergodic Markov chain with limiting distribution

p(C|G, Y ), the posterior distribution of C given Y and G, then Ẑ−1
RIS(G)

almost surely converges to Z−1(G). If C(1), . . . , C(T ) is additionally ergodic

of degree 2, then
√
T (Ẑ−1

RIS(G) − Z−1(G)) converges in distribution to a

centred normal distribution.

Proof Follows directly from Tierney (Theorems 3 and 4, 1994).

The only additional conditions for these theorems are that the expected

value of h(C)
p(Y |G,C)p(C|G) is equal to Z−1(G) if C ∼ p(C|Y,G) and that

h(C)
p(Y |G,C)p(C|G) is bounded with respect to C. The latter condition is

trivially true since C can only take finitely many values. The former is
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also true since

E

[
h(C)

p(Y |G,C)p(C|G)

]
=
∑
C

h(C)

p(Y |G,C)p(C|G)
p(C|G, Y ) =

∑
C

h(C)

Z(G)
= Z−1(G)

due to
∑

C h(C) = 1 and Bayes’ rule. □

The standard deviation of the THAMES, which depends on the choice

of h, can for example be estimated by approximating the MCMC sequence

via a first-order autoregressive model, as outlined in Metodiev et al.

(2025b).

It should be noted that the THAMES estimator for the SBM,

Ẑ−1
THAMES(G) =

1

G!

G!∑
o=1

1

T/2

T∑
t=T/2+1

Po(C
(t))∈A

1/|A|
p(C(t)|G)p(Y |G,C(t))

,

is also a RIS estimator, even after symmetrising. This can be seen by

defining

hTHAMES(C) =
1

G!

G!∑
o=1

1Po(A)(C)

|A|
,

which is a mixture of uniform distributions on the sets P1(A), . . . , PG!(A)

with all mixture weights set to 1
G! , and by swapping the order of the sums,
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such that

Ẑ−1
THAMES(G) =

1

T/2

T∑
t=T/2+1

1
G!

∑G!
o=1 1A(Po(C

(t)))/|A|
p(C(t)|G)p(Y |G,C(t))

=
1

T/2

T∑
t=T/2+1

hTHAMES(C
(t))

p(C(t)|G)p(Y |G,C(t))
.

Hence, the THAMES is a RIS on the second half of the posterior sample.

A.2 Proving that the ChibPartition estimator is a reciprocal importance sampling estimator

In Hairault et al. (2022), the ChibPartition estimator is defined as

ẐChibPartition(G) =
pG(Y |C0)πG(C0)

π̂G(C0|Y )
, (13)

where C0 is a partition of the data points, meaning that C0 assigns

every point to a cluster, ignoring labels of the clusters (e.g. the labels

(1,1,2,3) and (3,3,2,1) result in the same partition of the data points). Let

partition(C) be a function that maps an allocation vector matrix C to its

partition. Then πG is defined as

πG(partition(C)) =
G!

(G−G+)!
p(C|G), (14)
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where G+ denotes the number of non-empty clusters implied by C,

pG(Y |partition(C)) = p(Y |G,C), (15)

and

π̂G(C0) =
1

T

T∑
t=1

1{C0=partition(C(t))}, (16)

where 1 is an indicator function. Also,

C0 = partition(CMAP), (17)

where CMAP is the value of an MCMC sample C(1), . . . , C(T ) that

maximises pG(Y |partition(C(t)))πG(partition(C
(t))).

It turns out that this formulation is equivalent to the formulation

given in our article. To show this, let us first note that CMAP is

the same here and in our article (an allocation vector matrix within

C(1), . . . , C(T ) which maximises the unnormalised posterior probability

p(ĈMAP|G)p(Y |G, ĈMAP)), since pG(Y |partition(C(t)))πG(partition(C
(t)))
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is proportional to p(Y |G,C(t))p(C(t)|G). In fact

p(Y |G,C(t))p(C(t)|G) = p(Y |G,CMAP )p(CMAP |G) (18)

for any C(t) for which Po(C
(t)) = CMAP for some o ∈ {1, . . . , G!}, since the

collapsed likelihood and prior are invariant with respect to label switching.

It is also the case that

1{C0=partition(C(t))} =
1

(G−G+)!

G!∑
o=1

1{CMAP=Po(C(t))} =
1

(G−G+)!

G!∑
o=1

1AMAP
(C(t)),

(19)

where AMAP denotes the set that contains ĈMAP and all of its label

switched versions, since the two sides of the first equality are either

both 0 (in the case that there is a permutation Po(C
(t)) that is not

equal to CMAP ) or both one, since the existence of one permutation for

which Po(C
(t)) = CMAP implies the existence of exactly (G − G+)! such

permutations, which are all permutations that can be applied to the empty

components of C(t).
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Inserting Equation (14), Equation (15), Equation (17), Equation (18)

and Equation (19) into Equation (13) gives

Ẑ−1
ChibPartition(G) =

1

T

T∑
t=1,

C(t)∈AMAP

1/G!

p(C(t)|G)p(Y |G,C(t))
,

the same expression that was given in the main article.

A.3 Proving that a HPD region is optimal out of all symmetric truncation sets

This proof is an extension of the proof provided in Metodiev et al. (2025a).

The original proof showed this result for continuous parameters, while we

show the result for discrete parameters.

Theorem 2 Let C(T/2+1), . . . , C(T ) ∼ p(C|G, Y ) be an independent

sample from the posterior distribution. If no two allocation vector matrices

have the same probability (up to permutations), meaning that for any two

allocation vector matrices C1, C2,

p(C1|G, Y ) = p(C2|G, Y ) ⇒ ∃o ∈ {1, . . . , G!} : Po(C
1) = C2,

then there exists an α ∈ (0, 1] such that the variance of Ẑ−1
THAMES(G),

conditional on Y , is minimised over all symmetric sets by Hα. A set A is

symmetric if, and only if the image Po(A) = A for all o ∈ {1, . . . , G!}.
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Proof If A is symmetric, then Po(C
(t)) ∈ A if, and only if C(t) ∈ A. Hence

Ẑ−1
THAMES(G) =

1

G!

G!∑
o=1

1

T/2

T∑
t=T/2+1

Po(C
(t))∈A

1/|A|
p(C(t)|G)p(Y |G,C(t))

=
1

T/2

T∑
t=T/2+1

C(t)∈A

1/|A|
p(C(t)|G)p(Y |G,C(t))

,

which is proportional to

T∑
t=T/2+1

C(t)∈A

1/|A|
p(C(t)|G)p(Y |G,C(t))

.

Due to the i.i.d assumption and unbiasedness, this has variance

proportional to

Var


T∑

t=T/2+1

C(t)∈A

1/|A|
p(C(t)|G)p(Y |G,C(t))

∣∣∣∣∣∣∣∣∣G, Y
 ∝ E

( 1A(C
(1))/|A|

p(C(1)|G)p(Y |G,C(1))

)2
∣∣∣∣∣∣G, Y

 ,
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where 1 is an indicator function. The expectation simplifies to

E

( 1A(C
(1))/|A|

p(C(1)|G)p(Y |G,C(1))

)2
∣∣∣∣∣∣G, Y

 =
∑
C

(
1A(C)/|A|

p(C|G)p(Y |G,C)

)2

p(C|G, Y )

=
1

p(Y |G)
∑
C

1A(C)/|A|2

p(C|G)p(Y |G,C)
,

due to Bayes’ rule.

Since there are no posterior ties, any sequence of C1, . . . , CTα . whose

values are ordered such that

p(C1|Y ) = max
C

p(C|G, Y ),

p(C2|Y ) = max
C\{C1}

p(C|G, Y ),

...

p(CTα |G, Y ) = max
C\{C1,...,CTα−1}

p(C|G, Y ),

defines a HPD region Hα = {C1, . . . , CTα} for any value Tα where α

denotes the probability of this set. Let Tα = |A|. Then

|Hα| = |A|
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and

∑
C∈Hα

p(C|G, Y ) ≥
∑
C∈A

p(C|G, Y ) ⇔
∑
C∈Hα

p(Y |G,C)p(C|G) ≥
∑
C∈A

p(Y |G,C)p(C|G)

by definition. It follows that

Var[Ẑ−1
THAMES(G)|G, Y ] ∝ 1

|A|2
∑
C∈A

1

p(C|G)p(Y |G,C)

=
1

|Hα|2
∑

C∈A∩Hα

1

p(C|G)p(Y |G,C)
1

|Hα|2
∑

C∈A\Hα

1

p(C|G)p(Y |G,C)

≥ 1

|Hα|2

( ∑
C∈A∩Hα

1

p(C|G)p(Y |G,C)
+

1

qα
|A\Hα|

)
.

This is due to the fact that A\Hα = {C ∈ A|p(C|G)p(Y |G,C) < qα}.

Analogously

1

|Hα|2

( ∑
C∈A∩Hα

1

p(C|G)p(Y |G,C)
+

1

qα
|A\Hα|

)
=

1

|Hα|2

( ∑
C∈A∩Hα

1

p(C|G)p(Y |G,C)
+

1

qα
|Hα\A|

)
≥

1

|Hα|2
∑

C∈A∩Hα

1

p(C|G)p(Y |G,C)
+

1

|Hα|2
∑
Hα\A

1

p(C|G)p(Y |G,C)
=

1

|Hα|2
∑
C∈Hα

1

p(C|G)p(Y |G,C)
,
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where we end up with the same expression, but with A replaced by Hα.

Thus the variance of the THAMES is decreased or stays the same when

choosing Hα instead of A. It follows that the variance of the THAMES is

minimised by a HPD region. □

A.4 Proving an analytic expression of the variance of the THAMES under variational assumptions

In addition to the assumptions in Theorem 2, the following proposition

also requires the variational assumptions to hold, and that the relabelled

estimator ẑ as well as the truncation region EĈ,r̂ are highly concentrated

around one label set. Again, these assumptions rarely hold exactly, but

may well hold approximately as the size of the data goes to infinity, since

the posterior concentrates around a single point and its label switched

versions in this case (Celisse et al., 2012; Mariadassou and Matias, 2015).

Proposition 1 Let P1, . . . , PG! denote all possible permutations over

any permutation matrix C, where P1 denotes the identity. Assume that

C(1), . . . , C(T ) independently follow the posterior distribution, which is

equal to the variational approximation that was randomly permuted due

to label switching,

p(C|G, Y ) =
1

G!

G!∑
o=1

h̃(Po(C)) =
1

G!

G!∑
o=1

n∏
i=1

MultinomG(Po(C); 1, ẑi),
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and that the values of ẑ, Ĉ only depend on the values of the first half of

the posterior sample. If EĈ,r̂, ẑ are sufficiently concentrated around one

set of labels, in the sense that for any allocation vector matrix C

n∏
i=1

MultinomG(Po(C)i; 1, ẑi) > 0 ⇒
n∏
i=1

MultinomG(Po′(C)i; 1, ẑi) = 0 ∀o′ ̸= o,

(20)

and that

C ∈ EĈ,r̂ ⇒ Po(C) /∈ EĈ,r̂ ∀o ∈ {2, . . . , G!}, (21)

and if the truncation set that defines the THAMES is given by

A = EĈ,r̂ = {Ĉ(1)
1 , . . . , Ĉ

(r̂)
1 } × · · · × {Ĉ(1)

n , . . . , Ĉ
(r̂)
n }, 1 ≤ r̂ ≤ T/2,

(22)

then the variance of the THAMES, conditional on the data Y and the first

half of the posterior sample C(1), . . . , C(T/2), is proportional to

Var[Ẑ−1
THAMES(G)|G,C

(1), . . . , C(T/2), Y ] ∝

∏n
i=1

∑
Ci∈{Ĉ

(1)
i ,...,Ĉ

(r̂)
i }

1
MultinomG(Ci;1,ẑi)(∏n

i=1 |{Ĉ
(1)
i , . . . , Ĉ

(r̂)
i }|

)2 .

(23)
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Proof Following the proof of the last theorem,

Var[Ẑ−1
THAMES(G)|G,C

(1), . . . , C(T/2), Y ] ∝
∑
C

1A(C)/|A|2

p(C|G)p(Y |G,C)
.

Setting A = EĈ,r̂ and applying Bayes’ rule gives

∑
C

1A(C)/|A|2

p(C|G)p(Y |G,C)
∝
∑
C

1E
Ĉ,r̂

(C)/|EĈ,r̂|
2

p(C|G, Y )
.

Due to Equation (20) p(C|G, Y ) is either 0 for C ∈ Ĉ, in which case it

is not included in the sum, or there exists exactly one permutation Po

for which
∏n
i=1MultinomG(Po(C); 1, ẑi) > 0. If C ∈ EĈ,r̂, the only such

permutation is the identity C = Po(C) due to Equation (21). It follows

that

p(C|G, Y ) =
n∏
i=1

MultinomG(Ci; 1, ẑi) (24)

for all C ∈ EĈ,r̂ with non-zero posterior probability. Thus

∑
C

1E
Ĉ,r̂

(C)/|EĈ,r̂|
2

p(C|G, Y )
=
∑
C

1E
Ĉ,r̂

(C)/|EĈ,r̂|
2∏n

i=1MultinomG(Ci; 1, ẑi)

=
1

|EĈ,r̂|2
∑
C

n∏
i=1

1E
Ĉ,r̂

(C)

MultinomG(Ci; 1, ẑi)
.
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Due to the product form of EĈ,r̂ given in Equation (22), the sum simplifies

to

1

|EĈ,r̂|2
∑
C

n∏
i=1

1E
Ĉ,r̂

(C)

MultinomG(Ci; 1, ẑi)
=

1

|EĈ,r̂|2
n∏
i=1

∑
Ci∈{Ĉ

(1)
i ,...,Ĉ

(r̂)
i }

1

MultinomG(Ci; 1, ẑi)
.

Inserting the squared number of elements of |EĈ,r̂|
2,

|EĈ,r̂|
2 =

(
n∏
i=1

|{Ĉ(1)
i , . . . , Ĉ

(r̂)
i }|

)2

,

into the above expression gives the assertion. □

A.5 Proving that only a part of the permutations is required to compute the THAMES

Theorem 3 If there are no empty clusters, in the sense that the event∑n
i=1C

(t)
i,g = 0 does not occur for any value of T/2 + 1 ≤ t ≤ T and

1 ≤ g ≤ G, the THAMES is equal to

Ẑ−1
THAMES(G) =

1

G!

∑
o∈Ω

1

T/2

T∑
t=T/2+1

Po(ψυ(C
(t)))∈A

1/|A|
p(C(t)|G)p(Y |G,C(t))

. (25)
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Proof As pointed out in Metodiev et al. (2025a), sums over all

permutations can be exchanged by sums over all orderings, so

Ẑ−1
THAMES(G) =

1

G!

G!∑
o=1

1

T/2

T∑
t=T/2+1

Po(C
(t))∈A

1/|A|
p(C(t)|G)p(Y |G,C(t))

=
1

G!

G!∑
o=1

1

T/2

T∑
t=T/2+1

Po(ψυ(C
(t)))∈A

1/|A|
p(C(t)|G)p(Y |G,C(t))

,

since ψυ just changes the labels of the allocation vector matrices, and

we are summing over all permutations anyway. Now Ω is simply defined

as the set that includes all non-zero values of the sum over all of these

permutations, which finishes the proof. □

A.6 Proving an extension of Nobile’s formula for the SBM

Theorem 4 If the prior on the SBM parameters is given by independent

draws of

τ |G ∼ Dirichlet(G,n01, . . . , n
0
G), τ ∈ RG,

µg,k|G ∼ Beta(a0g,k, b
0
g,k), µg,k ∈ (0, 1),

then
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Z(G) = Z(G− 1) · 1

p0(G)
·
Γ(
∑G

g=1 n
0
g)Γ(n+

∑G−1
g=1 n

0
g)

Γ(
∑G−1

g=1 n
0
g)Γ(n+

∑G
g=1 n

0
g)
. (26)

Proof While we just use the notation C for an allocation vector matrix

in the rest of the document, in this subsection it is useful to distinguish

between the allocation vector matrix CG, which is an allocation vector

matrix with n rows and G columns, and the allocation vector matrix

CG−1, which is a matrix with n rows and G− 1 columns.

Let C̃G = {CG ∈ {0, 1}nG :
∑G

g=1C
G
i,g = 1∀i ∈ {1, . . . , n}} denote the

space of the allocation vector matrix (left implicit in the main document)

for G ≥ 2. We want to establish a connection between the marginal

likelihood of the SBM with G clusters,

Z(G) = p(Y |G) =
∑

CG∈C̃G

p(C|G)p(Y |G,C),

and the marginal likelihood of the SBM with G− 1 clusters,

Z(G− 1) = p(Y |G− 1) =
∑

CG−1∈C̃G−1

p(CG−1|G− 1)p(Y |G− 1, CG−1).
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First of all, let us note that by the law of total probability

Z(G) =
∑

CG∈C̃G

p(CG|G)p(Y |G,CG)

=
∑

CG∈C̃G,∑n
i=1 C

G
i,G=0

p(CG|G)p(Y |G,CG) +
∑

CG∈C̃G,∑n
i=1 C

G
i,G>0

p(CG|G)p(Y |G,CG).

Notice that there is a bijection between the space {CG ∈ C̃G :∑n
i=1Ci,G = 0} and C̃G−1, since any allocation vector matrix CG−1

has exactly one corresponding allocation vector matrix CG = (CG−1, 0n)

which lives in this space. Indeed, mathematically, there is no difference

between the function p(Y |CG, G) of the SBM with G components, but

the G’th component being empty, and the function p(Y |CG−1, G − 1) of

the SBM with G− 1 components. We can show this as follows: let CG−1

be an arbitrary allocation vector matrix and CG = (CG−1, 0n) the same

allocation matrix but with an additional empty component. Then

p(Y |G,CG) =

G∏
g=1

G∏
k=1

Γ(a0g,k + b0g,k)Γ(ag,k)Γ(bg,k)

Γ(ag,k + bg,k)Γ(a0g,k)Γ(b
0
g,k)

=

G∏
g=1

G∏
k=1

Γ(a0g,k + b0g,k)Γ(a
0
g,k +

∑n
i=1

∑
j ̸=i C

G
i,gC

G
j,kYi,j)Γ(b

0
g,k +

∑n
i=1

∑
j ̸=i C

G
i,gC

G
j,k(1− Yi,j))

Γ(a0g,k +
∑n

i=1

∑
j ̸=i C

G
i,gC

G
j,kYi,j + b0g,k +

∑n
i=1

∑
j ̸=i C

G
i,gC

G
j,k(1− Yi,j))Γ(a0g,k)Γ(b

0
g,k)

=

G−1∏
g=1

G−1∏
k=1

Γ(a0g,k + b0g,k)Γ(a
0
g,k +

∑n
i=1

∑
j ̸=i C

G−1
i,g CG−1

j,k Yi,j)Γ(b
0
g,k +

∑n
i=1

∑
j ̸=i C

G−1
i,g CG−1

j,k (1− Yi,j))

Γ(a0g,k +
∑n

i=1

∑
j ̸=i C

G
i,gC

G
j,kYi,j + b0g,k +

∑n
i=1

∑
j ̸=i C

G
i,gC

G
j,k(1− Yi,j))Γ(a0g,k)Γ(b

0
g,k)

= p(Y |G− 1, CG−1),
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since

a0g,k +
n∑
i=1

∑
j ̸=i

CGi,gC
G
j,kYi,j = a0g,k,

b0g,k +
n∑
i=1

∑
j ̸=i

CGi,gC
G
j,k(1− Yi,j) = b0g,k

if either k = G or j = G, and in this case the ratio in the above expression

reduces to one. However, the prior of the allocation vector matrix changes,

since the higher dimension of CG is penalized: if CG = (CG−1, 0n), then

p(CG|G)
p(CG−1|G− 1)

=

Γ(
∑G

g=1 n
0
g)

∏G
g=1 Γ(n

0
g+

∑n
i=1 C

G
i,g)

Γ(
∑G

g=1(n
0
g+

∑n
i=1 C

G
i,g))

∏G
g=1 Γ(n

0
g)

Γ(
∑G−1

g=1 n
0
g)

∏G−1
g=1 Γ(n0g+

∑n
i=1 C

G−1
i,g )

Γ(
∑G−1

g=1 (n0g+
∑n

i=1 C
G−1
i,g ))

∏G−1
g=1 Γ(n0g)

=

Γ(
∑G

g=1 n
0
g)

Γ(n+
∑G

g=1 n
0
g)

Γ(
∑G−1

g=1 n
0
g)

Γ(n+
∑G−1

g=1 n
0
g)

=
Γ(
∑G

g=1 n
0
g)Γ(n+

∑G−1
g=1 n

0
g)

Γ(
∑G−1

g=1 n
0
g)Γ(n+

∑G
g=1 n

0
g)
,
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because

nG = n0G +
n∑
i=1

Ci,G = n0G,

G∑
g=1

n0g +
G∑
g=1

n∑
i=1

CGi,g = (
G∑
g=1

n0g) +
n∑
i=1

G∑
g=1

CGi,g = (
G∑
g=1

n0g) + n,

G−1∑
g=1

n0g +
G−1∑
g=1

n∑
i=1

CG−1
i,g = (

G−1∑
g=1

n0g) +
n∑
i=1

G−1∑
g=1

CG−1
i,g = (

G−1∑
g=1

n0g) + n.

In the case n1 = · · · = nG = 1, the ratio even simplifies to

Γ(
∑G

g=1 n
0
g)Γ(n+

∑G−1
g=1 n

0
g)

Γ(
∑G−1

g=1 n
0
g)Γ(n+

∑G
g=1 n

0
g)

=
Γ(G)Γ(n+G− 1)

Γ(G− 1)Γ(n+G)
=

G− 1

n+G− 1
,

though this is not relevant for the proof.

We can use these insights to show that

∑
CG∈C̃G,∑n
i=1 C

G
i,G=0

p(CG|G)p(Y |G,CG)

=
Γ(
∑G

g=1 n
0
g)Γ(n+

∑G−1
g=1 n

0
g)

Γ(
∑G−1

g=1 n
0
g)Γ(n+

∑G
g=1 n

0
g)

∑
CG−1∈C̃G−1

p(CG−1|G− 1)p(Y |G,CG−1)

= Z(G− 1)
Γ(
∑G

g=1 n
0
g)Γ(n+

∑G−1
g=1 n

0
g)

Γ(
∑G−1

g=1 n
0
g)Γ(n+

∑G
g=1 n

0
g)
.
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On the other hand, the other sum can be reformulated using Bayes’ rule:

∑
CG∈C̃G,∑n
i=1 C

G
i,G>0

p(CG|G)p(Y |G,CG)

=
∑

CG∈C̃G,∑n
i=1 C

G
i,G>0

p(CG|G, Y )p(Y |G)

= p(Y |G)(1−
∑

CG∈C̃G,∑n
i=1 C

G
i,G=0

p(CG|G, Y )) = p(Y |G)(1− p0(G)) = Z(G)(1− p0(G)).

It follows that

Z(G) = Z(G− 1)
Γ(
∑G

g=1 n
0
g)Γ(n+

∑G−1
g=1 n

0
g)

Γ(
∑G−1

g=1 n
0
g)Γ(n+

∑G
g=1 n

0
g)

+ Z(G)(1− p0(G)),

which is equivalent to Equation (26).

□
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Supplement B: details on the algorithm

B.1 Choosing the grid for α

The truncation set is chosen by selecting α on the grid {0, 0.1, . . . , 1}, by

computing the sample variance of the THAMES,

1

T/2− 1

T∑
t=T/2+1

(
1
G!

∑G!
o=1 1A(Po(C

(t)))

p(Y |G,C(t))p(C(t)|G)
− Ẑ−1

THAMES

)2

and by adjusting it for autoregression, using the function ar from the

programming language R (R Core Team, 2025). More precisely, a first-

order autoregressive model with parameter ϕ is used, and the spectral

density of the series at zero is approximated as 1/(1−ϕ)2. The variance is

multiplied by this estimator. α is then chosen such that it minimises the

obtained variance estimate over the grid.

B.2 Determining the optimal radius of the truncation set

r̂ can be chosen by computing Equation (23) and by selecting the value of

r̂ that minimises it. However, it is important that EĈ,r̂ is not too small,

since the THAMES could possibly not be defined in this case (since the

sum may evaluate to 0). This is why we choose r̂ such that it minimises

the above variance under the condition that the probability of EĈ,r̂ being
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empty is small, i.e., under the condition that

∑
C∈E

Ĉ,r̂

n∏
i=1

MultinomG(Ci; 1, ẑi) ≥ 20/T,

since in this case the expected number of non-empty elements in the series

is at least equal to 20, under the above assumptions, due to Equation

(24). If there exists no value of r̂ for which this condition is fulfilled, we

set r̂ = T/2.

B.3 Details on the computation of the variational approximations of the marginal likelihood

The ILvb (Latouche et al., 2012) is defined as

ILvb = ln{
Γ(
∑G

g=1 n
0
g)
∏G
g=1 Γ(ng)

Γ(
∑G

g=1 ng)
∏G
g=1 Γ(n

0
g)
}

+
G∑
g≤k

ln{
Γ(a0q,lb

0
q,l)Γ(aq,l)Γ(bq,l)

Γ(aq,l + bq,l)Γ(a
0
q,l)Γ(b

0
q,l)

} −
n∑
i=1

G∑
g=1

z̃i,glnz̃i,g,

where ng = n0g +
∑n

i=1Ci,g, ag,k = a0g,k +
∑n

i=1

∑
j ̸=iCi,gCj,kYi,j , and

bg,k = b0g,k +
∑n

i=1

∑
j ̸=iCi,gCj,k(1− Yi,j), as in the main document, and

where z̃ are cluster probabilities estimated by a variational algorithm

such that they maximise the above expression. We implemented this

algorithm (using the ”kmeans” function from the programming language
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G 2 3 4 5 6
THAMES -543854 -520356 -505344 -495575 -487410

G 7 8 9 10 11
THAMES -482603 -477779 -469635 -467160 -462584

G 12 13 14 15 16
THAMES -460182 -460189 -460195 -460202 -460208

G 17 18 19 20
THAMES -460215 -460221 -460227 -460234

Table 2. THAMES estimates of the log marginal likelihood; the largest estimate is obtained at G = 12; all

estimates were rounded to full integers.

R with parameter nstart=10, R Core Team, 2025, for initisalisation). To

make sure that it was robust with respect to the starting value, it was

independently run 10 times, selecting the value of ILvb that was the

highest.

The correction of the ILvb, ILvbc, is simply defined as

ILvbc = ln(G!) + ILvb.

Supplement C: details on the datasets

C.1 Preprocessing and estimating the marginal likelihood of the COP28 dataset

The COP28 dataset is too large to allow fast computation with our

available processing power. We therefore reduced it by including only users

that were quoted and/or reposted at least 15 times and by selecting the

largest connected component of the resulting graph, which contains 10,979
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nodes and 74,826 edges. All of the following analysis was performed on

the resulting dataset.

Since the dataset is too large to use the standard kmeans function, the

function MiniBatchKmeans (Agrawal, 2013) from the ClusterR package

(Mouselimis, 2024) was used for initialisation, with a batch size of 1,000

and a tolerance value of 1e-6. This initialisation was used to run 10

independent Gibbs samplers for each value of G ∈ {2, . . . , 20}. Since some

of the Gibbs samplers got stuck in local modes with a smaller number

of clusters than the initial value, only the sample with the highest MAP

value of C(1), . . . , C(T ) was selected, with the remaining samples being

discarded. After a burn-in of 2,000, a sample of length T = 10, 000 was

produced for each value of G. The THAMES was computed on each of

these samples.

The marginal likelihood estimates obtained by the THAMES for the

COP28 for G ∈ {2, . . . , 20} are shown in Table 2. It is estimated that the

marginal likelihood is maximised by G = 12. Interestingly, the estimates

are strictly increasing until this value is obtained, and strictly decreasing

after. Now that G = 12 is established as an estimate of the number of

clusters, the other model parameters of the SBM can also be estimated.
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cluster 1 2 3 4 5 6
size 73 234 68 423 6222 1172

cluster 7 8 9 10 11 12
size 1377 44 717 278 5 366

Table 3. estimated cluster sizes of the COP28 dataset; the size of cluster 11 is highlighted.

C.2 Estimating the model parameters of the COP28 dataset

For G = 12, a MAP estimator ĈMAP was obtained by maximising the

unnormalised posterior density p(C(t)|G)p(Y |G,C(t)) for t = 1, . . . , T . The

clusters obtained by ĈMAP are the ones shown in the main article. Their

sizes are shown in Table 3. They are quite variable, with cluster 5, a cluster

of size 6222, being the largest cluster, and cluster 11, a cluster of size 5,

being the smallest cluster.

ĈMAP can be used to obtain estimates of the SBM parameters µ and

τ by maximising the complete-data loglikelihood

log(p(Y, ĈMAP |G, τ, µ)) =
n∑
i=1

G∑
g=1

ĈMAP
i,g log(τg)

+
n∑
i=1

G∑
g=1

∑
j ̸=i

G∑
k=1

ĈMAP
i,g CMAP

j,k (Yi,j log(µg,k) + (1− Yi,j) log(1− µg,k)).
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τ̂
τ̂1 τ̂2 τ̂3 τ̂4 τ̂5 τ̂6 τ̂7 τ̂8 τ̂9 τ̂10 τ̂11 τ̂12
0.66 2.13 0.62 3.85 56.67 10.67 12.54 0.40 6.53 2.53 0.05 3.33

µ̂
µ̂1 µ̂2 µ̂3 µ̂4 µ̂5 µ̂6 µ̂7 µ̂8 µ̂9 µ̂10 µ̂11 µ̂12

14.28 0.07 2.14 9.99 0.02 0.02 0.01 55.45 0.01 0.00 28.77 0.51
0.00 1.89 6.98 0.00 0.02 0.02 0.23 0.16 0.01 0.33 17.86 0.17
0.00 4.80 16.89 0.01 0.04 0.04 0.64 0.37 0.01 1.02 36.18 0.68
0.40 0.00 0.20 0.31 0.00 0.00 0.00 7.58 0.00 0.00 6.57 0.05
0.00 0.02 0.09 0.00 0.01 0.01 0.00 0.02 0.01 0.00 1.19 0.09
0.00 0.20 1.27 0.01 0.07 0.19 0.03 0.28 0.02 0.05 12.80 0.94
0.00 0.73 3.12 0.00 0.01 0.01 0.16 0.13 0.00 0.17 11.02 0.13
0.31 0.10 0.37 0.41 0.02 0.05 0.06 6.97 0.02 0.05 8.64 0.27
0.00 0.01 0.07 0.00 0.02 0.00 0.00 0.06 0.94 0.01 1.76 0.05
0.00 6.41 22.46 0.03 0.11 0.13 0.87 1.05 0.05 1.41 51.01 1.30
0.00 0.09 0.88 0.00 0.00 0.02 0.00 0.00 0.00 0.00 8.00 0.05
0.00 0.10 0.72 0.00 0.02 0.06 0.02 0.19 0.00 0.02 6.99 0.40

Table 4. estimates of the SBM parameters (in percent); parameters corresponding to cluster 11 are highlighted.

In the context of the COP28 dataset, µ̂g,k estimates the probability that a user in cluster g quotes or reposts a

user in cluster k while τ̂g estimates the probability that a node chosen at random belongs to cluster g. Estimates

are rounded to the second decimal place.

As shown in Daudin et al. (2008) this function is maximised by

µ̂g,k =

∑n
i=1

∑n
j ̸=i Ĉ

MAP
i,g ĈMAP

j,k Yi,j∑n
i=1

∑n
j ̸=i Ĉ

MAP
i,g ĈMAP

j,k

,
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Fig. 5: the metagraph of the COP28 dataset for G = 12 clusters, the
number that maximises the marginal likelihood estimates of the THAMES;
Clusters are represented by nodes. Large edges indicate large connection
probabilities between clusters, while large nodes indicate a large relative
size of the cluster. ”Al Gore” represents the core of the network, while
”Honnashree # SaveSoil” the cluster closest to the concept of a sociological
community, formed around the #SaveSoil movement.
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and

τ̂g =
1

n

n∑
i=1

ĈMAP
i,g .

These estimates are shown in Table 4. It is clear that any user from any

cluster different to cluster 11 has a high probability of quoting/reposting

a user from cluster 11, while there is a very low probability that a user

from cluster 11 quotes or reposts a user outside of cluster 11. This is true

even though cluster 11 is the smallest out of all other clusters. Thus, the

clustering found can be identified as a core-periphery structure, where all

clusters but cluster 11 are at the periphery, and cluster 11 is its core.

A particularly elegant way to summarise these results is given by a

metagraph. In a metagraph, the clusters are represented by nodes. The

sizes of the nodes represent the sizes of the clusters, while the sizes of

the edges between clusters represent the conncection probabilities. Such a

metagraph is shown in Figure 5. The labels of the nodes show the username

of the user with the highest number of followers (taken as the maximum

of this number over all timepoints on which the user sent a post within

this dataset). ”Al Gore” represents cluster 11, whose central function as

the core of the dataset is quite clear, as all other clusters are quoting or

reposting its users with fairly high probabilities.
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Interestingly, while there aren’t any clusters which correspond to the

sociological notion of a community in the strict sense of the word —

as outlined in the main article — cluster 1, represented by the user

”Honnashree # SaveSoil” may be quite close to this definition, as its

members do quote/repost each other fairly often and as it is centred

around the same topic, the #SaveSoil movement. This can be seen when

conducting a textual analysis.

C.3 A textual analysis of the COP28 dataset

Preprocessing

A text corpus of the COP28 dataset is available as each of the 4,373,354

posts concerning the COP28 from the 1st of January 2023 to the 31st of

December 2023 contains textual data. Of these posts, only 179,885 are

reposted/quoted by people within the reduced network of 10,979 nodes

and 74,826 edges used in the main article. The texts within these posts

were preprocessed via the following steps:

• punctuation signs, links, and the user name of the post were removed.

• common stopwords were removed via the R package tm (Feinerer and

Hornik, 2025).

• words with less than 5 characters were removed.
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• stemming based on the English language was performed via the R

package SnowballC (Bouchet-Valat, 2023).

Results

A textual analysis was performed via the Latent dirichlet alocation (LDA)

model (Blei et al., 2003). This model is characterised by the idea that there

is a hidden probability vector through which a fixed number of topics is

drawn, and each word is drawn through a different distribution given its

respective topic. This is particularly interesting to us because it allows us

to estimate a variational estimate of topic probabilities γ̂, where each row

of γ̂ is a probability vector corresponding to one specific document (post)

in the corpus (Grün and Hornik, 2011). γ̂ is used to analyse the topics

of each cluster pair by averaging the rows of γ̂ that correspond to posts

being made with respect to this cluster pair. For example, if a user from

cluster 1 quoted or reposted 10 posts from a user of cluster 2, the topic

distribution for this exchange can be obtained by summing the rows from

γ̂ that correspond to all words included in these posts.

γ̂ was fitted by using the function LDA from the topicmodels R package

(Grün and Hornik, 2024). 40 topics were fitted for the whole corpus. These

topics are summarised in Table 5.
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A topic-specific summary was obtained as follows: first, an estimate β̂

is computed via the topicmodels package, where each entry β̂ĩ,j̃ is a matrix

that gives the probability that a word with index ĩ appears given the topic

with index j̃ (Grün and Hornik, 2011).

Then, the entropy

β̂ĩ,j̃

∑
i′

β̂i′,j̃ log(β̂i′,j̃)/ log(K̃) + βĩ,j̃

is computed for each word ĩ and each topic j̃. For every topic j̃ those

200 words are chosen that maximise the entropy. Those 200 words where

then summarised by the large language model gamma 4, using the R

package ollamar (Lin and Safi, 2024). Notably, almost all of the topics

have very general summaries related to climate change, with topic 5 being

one of the few that is more precise. It seems related to the #SaveSoil

movement, which, according to its website, is ”a global movement to

address the soil crisis by uniting people across the globe to stand up for

soil health, and support leaders of all nations in actioning policies toward

increasing organic matter in agricultural soil”. Interestingly, this topic is

also related to a specific cluster located by our algorithm. This can be seen

by estimating the topic distributions of each cluster pair.

https://consciousplanet.org/en/save-soil
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topic summary
1 Protect planet’s natural ecosystems
2 Diverse global vocabulary collection
3 Healthy soils combat climate change
4 Global climate action efforts
5 Soil health, climate, global action
6 Addressing climate change globally
7 Urgent global climate response needed
8 Climate action, healthy soil, future
9 Climate solutions require global cooperation
10 Global climate action needed
11 Global energy transition demands sustainability
12 No coherent text provided
13 Global climate health action
14 Global crises: conflict, climate, human rights
15 Climate action and energy transition
16 Climate change mitigation strategies
17 Global climate action agreements
18 Protect soil, stabilize climate
19 Sustainable energy for climate action
20 Climate action needed globally
21 Climate action confronts big polluters
22 Healthy soil combats climate change
23 Global investment for climate transition
24 Global climate politics and action
25 Climate justice, human rights, peace
26 Climate politics face global crises
27 Climate action and sustainable growth
28 Sustainable food systems, climate action
29 Climate action, gender equality
30 Climate action requires global cooperation
31 Global efforts curb warming emissions
32 Climate justice needs global action
33 Global climate action in UAE
34 Climate action for global health
35 Decarbonization requires systemic shift
36 Climate change demands policy action
37 Climate crisis demands global action
38 Climate action for food security
39 Global climate action initiatives
40 Climate change needs global action

Table 5. all of the 40 topics obtained by fitting LDA to the COP28 dataset



Fig. 6: A heatmap of the probabilities of the 40 different topics (on the y
axis) for the different textual exchanges between clusters (on the x axis; the
first coordinate is the cluster that quotes/reposts, the second the cluster
being quoted/reposted); the cluster that quotes/reposts is indicated via
the label c1, the cluster that is being quoted/reposted is indicated via the
label c2. It appears that topic 5 is specific to cluster 1.
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A topic distribution was estimated for each pair of cluster interactions

(g1, g2)1≤g1≤G,1≤g2≤G. This was done by selecting the corpus of a pair, and

by summing the rows of γ that correspond to the words of this corpus,

and then by normalising these rows. The results are shown in Figure 6.

While there are few topics that specifically align to one cluster, it does

seem that cluster 1 quotes or reposts content that is often assigned to

topic 5. This is particularly interesting because cluster 1 is the closest

to the sociological definition of a community, with a fairly high internal

connection probability. This may well be explained by topic 5, since this

topic is associated with a specific movement, the #SaveSoil movement.

This movement is also detected when using a different model choice

criterion, the ICL, though it is detected in a much more fragmented way.

C.4 Comparing the THAMES to the ICL on the COP28 dataset

The integrated complete data log likelihood (ICL, Biernacki et al., 2002;

Daudin et al., 2008; Côme et al., 2021) is defined as the logarithm of the

joint posterior density of the data and the allocation vector matrix

ICL(C,G) = log(p(Y,C|G)) = log(p(Y |G,C)) + log(p(C|G)).
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cluster 1 2 3 4 5 6 7 8 9 10 11 12 13
size 3 1 5 22 41 79 20 50 9 48 236 117 40

cluster 14 15 16 17 18 19 20 21 22 23 24 25 26
size 12 11 42 123 220 54 13 81 468 30 32 60 96

cluster 27 28 29 30 31 32 33 34 35 36 37
size 314 773 137 121 231 928 894 229 186 1027 4226

Table 6. estimated cluster sizes of the COP28 dataset using the greed algorithm; Clusters with 10 or less users

assigned to them are emphasised.

τ̂
τ̂1 τ̂2 τ̂3 τ̂4 τ̂5 τ̂6 τ̂7 τ̂8 τ̂9 τ̂10 τ̂11 τ̂12 τ̂13

0.03 0.01 0.05 0.20 0.37 0.72 0.18 0.46 0.08 0.44 2.15 1.07 0.36
τ̂14 τ̂15 τ̂16 τ̂17 τ̂18 τ̂19 τ̂20 τ̂21 τ̂22 τ̂23 τ̂24 τ̂25 τ̂26
0.11 0.10 0.38 1.12 2.00 0.49 0.12 0.74 4.26 0.27 0.29 0.55 0.87
τ̂27 τ̂28 τ̂29 τ̂30 τ̂31 τ̂32 τ̂33 τ̂34 τ̂35 τ̂36 τ̂37
2.86 7.04 1.25 1.10 2.10 8.45 8.14 2.09 1.69 9.35 38.49

Table 7. estimates (in percent) of the SBM parameters using the greed algorithm; In the context of the COP28

dataset, τ̂g estimates the probability that a node chosen at random belongs to cluster g. Estimates are rounded

to the second decimal place. Clusters with 10 or less users assigned to them are emphasised.

Côme et al. (2021) showed how to maximise the ICL with respect to C and

G via a greedy inference algorithm and implemented this algorithm in the

R package greed. We chose G = 20 as the initial value for the number of

clusters and ran this algorithm. The resulting estimate gives 37 different

clusters.

The sizes of the 37 different clusters obtained by the package greed

for the COP28 dataset are shown in Table 6. Notably, there are a variety
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µ̂
µ̂1 µ̂2 µ̂3 µ̂4 µ̂5 µ̂6 µ̂7 µ̂8 µ̂9 µ̂10 µ̂11 µ̂12 µ̂13

22.22 0 0 0 0 0.42 3.33 0.67 0 0 0 0 0
100 0 80 45.45 12.2 7.59 35 14 33.33 2.08 1.69 2.56 5
26.67 20 24 36.36 15.61 11.9 10 2.4 0 0.42 1.1 1.71 1.5
31.82 9.09 37.27 18.6 8.2 7.13 6.82 1.64 1.52 0.38 0.46 1.63 0.91
53.66 14.63 60.49 33.92 15.41 11.82 11.95 2.49 1.9 0.05 0.9 2.88 2.13
14.35 3.8 23.54 9.49 2.96 2.69 2.78 0.63 0 0.05 0.1 0.38 0.22
25 0 1 0.68 0.37 0.13 5.25 1.3 2.22 0 0 0 0

24.67 4 2.4 1.18 0.39 0.61 2.4 1.92 2.89 0.08 0.09 0.12 0
33.33 22.22 0 0 0 0 2.78 3.56 4.94 0.23 0.14 0.19 0
73.61 18.75 30.83 14.2 3.56 4.11 17.6 5.42 8.8 0.48 0.34 0.61 0.36
32.2 7.2 34.49 15.16 5.61 4.54 6.74 1.08 1.18 0.05 0.29 0.95 0.85
45.3 12.82 52.31 29.68 12.84 9.5 11.2 2.07 1.9 0.07 0.54 2.02 1.67
65.83 40 74 53.07 22.56 20.51 25.37 4.1 7.78 0.1 1.08 4.55 3.62
86.11 66.67 70 51.52 22.97 21.2 38.75 21.67 25.93 2.78 2.19 5.27 5.21
72.73 100 0 1.24 0 0.46 10.91 7.09 65.66 2.08 0.12 0 0
47.62 61.9 0.48 0.11 0.06 0.09 2.86 1.86 25.93 0.4 0.11 0 0
29.81 39.02 0 0.04 0 0.01 0.37 0.28 9.12 0.15 0 0 0
2.27 0 0 0.02 0 0 0.05 0.05 0.15 0.01 0 0 0
12.96 7.41 0 0 0 0 0.37 0.26 3.91 0.12 0.01 0 0
5.13 0 1.54 0.35 0 0 0.38 0.46 1.71 0 0.03 0 0
4.53 1.23 0.74 0.73 0.03 0.05 0.31 0.2 0.14 0.03 0 0 0
1.78 0 0.34 0.14 0.02 0.02 0.33 0.08 0.05 0 0 0 0.03
1.11 0 0.67 0 0 0.08 0.17 0.13 0 0.07 0 0 0
0 0 3.75 0.14 0 0.08 0.16 0.06 0 0.2 0.01 0 0

7.22 0 0 0.76 0.04 0.02 0.17 0.07 0.19 0 0 0 0
5.21 0 0.62 0.05 0 0.01 0.31 0.21 0.23 0.04 0 0 0
5.52 0.64 0.89 0.2 0 0.03 1.11 0.17 0.28 0.01 0 0.01 0
4.96 0.39 1.35 0.33 0.06 0.08 0.9 0.17 0.13 0.01 0.01 0.01 0.04
12.9 1.46 4.23 1.66 0.36 0.39 3.72 0.69 0.41 0.06 0.05 0.06 0.15
23.69 0.83 9.09 3.61 0.75 0.95 2.52 1.22 0.73 0.12 0.05 0.09 0.14
33.19 9.96 5.63 1.55 0.42 0.32 3.98 2.16 3.56 0.35 0.05 0.08 0.04
10.09 1.94 0.99 0.19 0.07 0.05 0.77 0.76 1.4 0.04 0.01 0.01 0.01
11.56 2.8 8.84 3.16 0.98 0.89 1.97 0.33 0.32 0.04 0.08 0.19 0.21
15.28 5.24 17.99 7.42 2.61 2.26 1.92 0.64 0.53 0.06 0.16 0.42 0.19
1.61 1.08 1.94 0.56 0.22 0.1 0.32 0.12 0 0 0.03 0.04 0.01
0.26 0 0.41 0.08 0.01 0.04 0.06 0.02 0 0 0.01 0.01 0
1.15 0.14 0.22 0.04 0.01 0.01 0.1 0.06 0.02 0 0 0 0

Table 8. estimates of the columns 1 to 13 of the SBM parameter µ (in percent); In the context of the COP28

dataset, µ̂g,k estimates the probability that a user in cluster g quotes or reposts a user in cluster k. Estimates are

rounded to the second decimal place. Columns corresponding to clusters with 10 or less users assigned to them

are emphasised.
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µ̂
µ̂14 µ̂15 µ̂16 µ̂17 µ̂18 µ̂19 µ̂20 µ̂21 µ̂22 µ̂23 µ̂24 µ̂25 µ̂26
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0.21 0 0 0 0
5 0 0 0 0 0 0 0.49 0.04 0 0.62 0 0

0.38 0 0 0 0 0 0 0.56 0.06 0 0 0 0.05
1.02 0 0 0 0 0.05 0.38 0.45 0.05 0 0 0 0
0.32 0 0 0 0 0.02 0.1 0.08 0.01 0 0.04 0 0
0 0 0 0 0 0 1.15 0.06 0.02 0 0 0 0

0.33 0 0 0 0.02 0.04 1.38 0.25 0.07 0 0 0 0.08
0 0 0 0 0.05 0.82 3.42 0 0 0 0 0 0

1.39 0 0.05 0 0.04 0.69 3.53 1.65 0.3 0.42 0.07 0 0.26
0.32 0 0 0 0 0.02 0.23 0.26 0.02 0.01 0.03 0 0.01
0.36 0 0 0 0.01 0.02 0.26 0.37 0.03 0 0 0 0.01
1.04 0 0 0 0.03 0.05 0.96 0.74 0.05 0.08 0 0.21 0.05
6.94 0 0 0 0.11 0.93 10.26 2.06 0.45 7.5 6.51 0 0.69
0 56.2 37.01 23.28 33.14 79.12 94.41 0.45 0.02 0 0 0 0.09
0 26.41 12.47 5.48 8.52 38.05 78.02 0.47 0.01 0 0 0 0
0 4.8 1.2 0.85 1.08 9.08 56.47 0.12 0 0 0 0 0
0 0.21 0.04 0.02 0.02 0.29 3.92 0.02 0 0 0 0 0
0 0.67 0.4 0.35 0.44 2.78 24.36 0.02 0 0 0 0 0
0 0 0 0 0.03 0.57 7.1 0.38 0.03 0 0 0 0
0 0 0 0 0 0 0 0.91 0.2 0 0 0 0.01
0 0 0 0 0 0 0.02 0.73 0.12 0 0 0 0.01
0 0 0 0 0 0 0 0 0 0 0 0 0

2.86 0 0 0 0 0 0 0 0.01 45.42 46.09 0 0
0 0 0 0 0 0 0 0.04 0 0 0 14.03 0
0 0 0 0 0 0 0.08 0.66 0.03 0 0 0.02 5.34

0.05 0 0 0 0 0.05 0.02 0.2 0.01 0 0 0 0
0.01 0 0 0 0 0.01 0.21 2.42 0.47 0 0 0 0.02
0 0 0 0 0 0.03 0.39 5.5 2.17 0 0 0.01 0.14
0 0 0 0 0.01 0.05 0.7 1.92 0.27 0.03 0 0.01 0.02
0.4 0 0 0 0.01 0.11 1.07 0.15 0.02 0.04 0.03 0.01 0.17
0.01 0 0 0 0 0.04 0.34 0.04 0.01 0 0 0.02 0.01
0.06 0 0 0 0 0.01 0.06 0.1 0.02 0 0 0 0
0.25 0 0 0 0 0 0 0.04 0 0.01 0 0 0
0.04 0 0 0 0 0 0.04 0.06 0 0 0 0 0
0 0 0 0 0 0 0.01 0 0 0 0 0 0

0.01 0 0 0 0 0 0.04 0.2 0.02 0 0 0 0
Table 9. estimates of the columns 14 to 26 of the SBM parameter µ (in percent); In the context of the COP28

dataset, µ̂g,k estimates the probability that a user in cluster g quotes or reposts a user in cluster k. Estimates are

rounded to the second decimal place. Columns corresponding to clusters with 10 or less users assigned to them

are emphasised (there aren’t any in this case).
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µ̂
µ̂27 µ̂28 µ̂29 µ̂30 µ̂31 µ̂32 µ̂33 µ̂34 µ̂35 µ̂36 µ̂37
0 0 0 0 0.14 0 0 0 0 0 0

0.64 0 0 0 3.9 0.54 0.67 1.31 2.69 0.19 0.09
0 0 0 0 0.43 0 0.27 3.06 1.4 0.12 0
0 0 0 0.23 0.31 0.03 0.25 1.85 1.59 0.34 0.02

0.01 0 0 0.1 0.37 0.08 0.37 3.32 2.36 0.47 0
0.01 0 0.01 0.09 0.09 0.02 0.06 0.76 0.55 0.07 0
0.02 0 0 0 0.22 0.07 0.02 0.11 0.27 0.04 0
0.06 0.01 0 0.08 0.57 0.38 0.02 0.19 0.29 0.05 0.01
0 0 0 0.09 0.67 0.44 0 0 0.12 0 0

0.25 0.02 0.17 0.88 2.08 0.67 0.26 1.15 1.67 0.5 0.08
0.02 0 0.02 0.04 0.19 0.05 0.18 0.97 1.2 0.22 0.01
0 0 0 0.06 0.32 0.06 0.26 2.36 2.08 0.38 0

0.02 0 0 0.21 0.69 0.1 0.71 5.08 5.65 0.92 0.04
0.16 0.04 0 0.83 6.67 2.03 1.1 7.35 7.48 2.26 0.13
0 0.02 0.07 0 1.65 0.22 0.02 0.12 0.24 0.92 0.01

0.01 0.01 0 0 0.14 0.01 0 0 0.06 0.13 0.01
0 0 0 0.01 0.03 0 0 0 0 0.01 0
0 0 0 0 0.01 0 0 0 0 0 0
0 0 0 0 0.06 0.01 0 0.02 0.01 0.01 0
0 0.01 0 0.06 0.17 0.03 0 0 0 0.02 0.01
0 0.01 0.01 0.03 0.02 0 0.01 0.03 0.08 0 0.01
0 0.01 0.08 0.05 0 0 0 0 0.02 0 0.01
0 0 0 0 0.04 0 0 0.03 0.04 0 0
0 0 0 0 0.03 0.03 0 0.1 0.02 0.01 0.01
0 0 0 0 0.02 0.03 0 0 0.04 0 0.01
0 0.01 0.06 0 0.11 0.03 0 0 0 0.01 0.01

0.98 0 0 0.03 0.03 0.02 0 0.01 0.03 0 0.03
0.01 0.07 0.23 0.18 0.01 0.01 0 0.02 0.09 0.01 0.04
0 0.37 1.79 0.2 0.07 0.01 0.01 0.07 0.29 0.02 0.14

0.07 0.03 0.05 2.1 0.16 0.1 0.03 0.16 0.23 0.04 0.07
0.03 0 0 0.06 1.04 0.4 0.03 0.12 0.2 0.08 0.01
0.01 0 0 0.03 0.3 0.17 0 0.02 0.04 0.01 0.01
0.01 0 0 0.02 0.07 0.01 0.09 0.29 0.35 0.09 0.01
0 0 0 0.04 0.11 0.02 0.13 0.83 0.49 0.13 0
0 0 0 0.01 0.01 0 0.02 0.05 0.1 0.02 0
0 0 0 0 0.01 0 0.01 0.02 0.03 0.01 0

0.01 0 0 0.02 0.01 0 0 0 0.02 0 0.01
Table 10. estimates of the columns 27 to 37 of the SBM parameter µ (in percent); In the context of the COP28

dataset, µ̂g,k estimates the probability that a user in cluster g quotes or reposts a user in cluster k. Estimates are

rounded to the second decimal place. Columns corresponding to clusters with 10 or less users assigned to them

are emphasised (there aren’t any in this case).
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of clusters with a very small size. Indeed, one cluster even has a size as

small as one. These smaller clusters all seem to have the property that it

is quite likely to connect to them even though the users assigned to them

make up a small portion of the dataset. This can be seen by observing the

estimates of the SBM parameters shown in Figures 7, 8, 9 and 10, which

were obtained by maximising the complete-data loglikelihood with respect

to these parameters, given the clustering obtained by greed, just like in the

previous section. The resulting metagraph is shown in Figure 7. It seems

like the ”core” (users which have a high probability of being quoted or

reposted) is much more fractured, with several small clusters having this

property. For example, the clusters containing the users ”Al Gore” and

”UN Climate Change” are split, while these users belonged to cluster 11 for

the clustering obtained by the THAMES, which completely represented

the core in this case. In addition, there are 4 clusters associated with

the #SaveSoil movement (two of which have users that directly use the

hashtag, one of which is its central figure, Sadhguru, and one of which is its

central institution in the US, the Isha Foundation USA). This indicates

a further fracturing of the clusters found when using the THAMES. In

combination, we take these two differences to the clustering found by the

THAMES - the fracturing of the core and the fracturing of the #SaveSoil
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movement into multiple clusters - as an indication that the clustering found

by the THAMES is more robust than the one found by the ICL. This

is because the former includes one movement, the #SaveSoil movement,

and one core, which includes 5 members, while the later fractured the

movement and the core into multiple clusters.

C.5 A sociological interpretation of the results

As shown in the main document, the clusters found by using the THAMES

and Gibbs sampling on the COP28 dataset essentially all follow a star

pattern: while it is unlikely that users in the same cluster quote/repost

each other, they do all tend to quote/repost cluster 11, which only

contains the users UN Climate Change, Al Gore, COP28 UAE, Loss and

Damage Collaboration (L&DC) and António Guterres. Thus, cluster 11

appears to be the manifestation of the dominant voices of the COP28,

which are quoted and reposted by all other users. This indicates a core-

periphery structure, which creates a dichotomy between clusters that

include bots, grassroots movements, and influencers on one side, and

the COP28 institution on the other side, revealing a particularly extreme

core-periphery structure.

The core-periphery structure present in the COP28 dataset is by

and large confirmed by our textual analysis, as it seems like almost
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all topics are fairly similar and centred around climate change, with

little distinction between topics that are reposted/cited by users from

the same cluster. While our textual analysis does indicate that there

may be one cluster of the COP28 dataset that is somewhat close to

the standard definition of a community, cluster 1, even this cluster

quotes/reposts another cluster, cluster 8, more often than it reposts itself.

This is likely because the X account of the central figure of the #SaveSoil

movement, Sadhguru, is assigned to cluster 8. Thus, even cluster 1 exhibits

aspects of the core/periphery distinction central to this dataset, since its

users repost/cite users of another cluster more often than users assigned

to the same cluster. It should also be considered that Save Soil is a

campaign run by the Isha Foundation, with its own pavilion at COP28

and coordinated messaging. Its founder said publicly during the summit

that “Our messages are being tweeted daily by a few thousand people,

this needs to become millions”, as reported by The National. So this is

a deliberate occupation of the space, not a spontaneous one. It should

also be noted that the model separates the central figure (cluster 8) from

those who amplify him (cluster 1), which is, arguably, the structurally

correct answer, while the clustering that maximises the ICL splits the

same movement across four clusters. Thus, these results could be seen as

https://www.thenationalnews.com/climate/cop28/2023/12/10/protect-our-soil-to-save-the-planet-says-indian-climate-guru-sadhguru-at-cop28
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an external validation of the clustering found by the THAMES, compared

to the clustering found by maximising the ICL.

C.6 The specific dataset used in Section 4.3

The specific dataset used in Section 4.3 can be represented by the graph

shown in Figure 8. The posterior probability of the MAP (and its label-

switched version) was around 15 percent for this dataset when fitting

the SBM with G = 2. This probability is much smaller than the usual

probabilities obtained when simulating datasets of such a small size, which

were often larger than 50 percent, in our experience.

Supplement D: defining the THAMES for the latent block model

The latent block model (LBM) has a very similar structure to the SBM,

with the difference that the size of the rows n may be different from the

size of the columns m, and that there are two allocation vectors C and C ′

of sizes G andK, which indicate the row and column clusters, respectively:

Ci|τ
i.i.d∼ MultinomG(1, τ),

G∑
g=1

Ci,g = 1, ∀i = 1, . . . , n,

C ′
j |τ ′

i.i.d∼ MultinomG′(1, τ ′),
K∑
k=1

C ′
j,g = 1, ∀j = 1, . . . ,m,

Yi,j |µ,Ci,gC ′
j,k = 1 ∼ f(µg,k), ∀(i, j), i ̸= j.
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f can denote any density, and so the LBM can be defined for many types

of data, such as count data (Govaert and Nadif, 2010), categorical data

(Keribin et al., 2015) or continuous data (Lomet, 2012). For many versions

of the LBM, Gibbs sampling is possible and the collapsed distributions

p(C,C ′|G,K) and p(Y |G,K,C,C ′) can also be derived; see, e.g., Wyse

and Friel (2012); Lomet (2012); Keribin et al. (2015).

Thus, the THAMES can be defined completely analogously, as

Ẑ−1
LBM =

1

G!

G!∑
o=1

1

K!

K!∑
s=1

1

T/2

T∑
t=T/2+1

(Po(C(t)),P ′
s(C

(t)′))∈BĈ,r̂,Ĉ′,r̂′,α

1/|BĈ,r̂,Ĉ′,r̂′,α|
p(Y |G,K,C(t), C(t)′)p(C(t), C(t)′|G,K)

,

with (r̂, r̂′) being set such that they minimise


∏n

i=1

∑
Ci∈{Ĉ

(1)
i ,...,Ĉ

(r̂)
i }

1
MultinomG(Ci;1,ẑi)(∏n

i=1 |{Ĉ
(1)
i , . . . , Ĉ

(r̂)
i }|

)2
 ·


∏m

j=1

∑
C′

j∈{Ĉ
(1)
j

′,...,Ĉ
(r̂′)
j

′}
1

MultinomG(C′
j ;1,ẑ

′
j)(∏m

j=1 |{Ĉ
(1)
j

′, . . . , Ĉ
(r̂′)
j

′}|
)2

 ,

and (Ĉ, Ĉ ′) being constructed by maximising the unnormalised posterior

density on the first half of the MCMC sample, while

BĈ,r̂,Ĉ′,r̂′,α = EĈ,r̂,Ĉ′,r̂′ ∩Hα,
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where Hα denotes a α-HPD-region and EĈ,r̂,Ĉ′,r̂′ is the corresponding

Cartesian product,

EĈ,r̂,Ĉ′,r̂′ = ({Ĉ(1)
1 , . . . , Ĉ

(r̂)
1 } × {Ĉ(1)

1
′, . . . , Ĉ

(r̂′)
1

′})× . . .

× ({Ĉ(1)
n , . . . , Ĉ

(r̂)
n } × {Ĉ(1)

n
′, . . . , Ĉ

(r̂′)
n

′}).

Analogously to the THAMES for the SBM, this estimator can be quickly

computed by choosing an ordering of the columns of C and C ′. However,

the case of empty clusters cannot be easily sidestepped for all choices of

the density f . In these cases, it is essential that there are no empty clusters

in the chosen rows υ of the posterior sample, since the computational trick

cannot be applied otherwise.
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Fig. 7: the metagraph of the COP28 dataset for G = 37 clusters,
the number obtained by maximising the ICL via the greed algorithm;
Clusters are represented by nodes. Large edges indicate large connection
probabilities between clusters, while large nodes indicate a large relative
size of the cluster; Among other clusters, ”Al Gore” and ”UN Climate
Change” represent the core of the network, while ”Gargi # SaveSoil”,
”SouravD. for # SaveSoil # Conscious Planet”, ”Isha Foundation” and
”Isha Foundation USA” are associated with the #SaveSoil movement.
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Fig. 8: The specific dataset used in Section 4.3
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